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Kurzfassung

Moderne automatische Theorembeweiser (ATPs) wie VAMPIRE sind grofie Programme,
die symbolisches Schlieflen fiir ein breites Anwendungsspektrum ermoglichen, darunter
Softwareanalyse, die Formalisierung von Mathematik und Cybersicherheit. Obwohl der
zugrunde liegende Kalkiil von VAMPIRE als korrekt bewiesen ist, kann dessen Imple-
mentierung Fehler enthalten, die zu inkorrekten Beweisen fithren kénnen. Diese Arbeit
prasentiert eine Methode, um das Vertrauen in solche Beweise zu erhéhen, indem ihre
Korrektheit vollstdndig iiberpriift wird. Dazu werden die von VAMPIRE erzeugten Be-
weise in eine Form iibersetzt, die mit dem interaktiven Theorembeweiser LEAN gepriift
werden kann. Die vorgestellte Methode unterstiitzt die CNF- (clause normal form) und
FOF- (first-order form) Fragmente der Pradikatenlogik erster Stufe mit Gleichheit.

Um eine vollstandige Beweispriifung einschliefilich der Vorverarbeitung (Preprocessing)
zu ermoglichen, werden in dieser Arbeit zwei Anderungen an VAMPIRE beziiglich der
Skolemisierung und der Behandlung purer Prédikate eingefithrt und separat evaluiert.
Dariiber hinaus wird eine Methode des “proof replay” in VAMPIRE vorgestellt, die wah-
rend der Beweissuche aus Performanzgriinden verworfene Beweisdetails rekonstruiert,
welche jedoch fiir eine effiziente Rekonstruktion der Beweise in LEAN relevant sind. Die
Moglichkeit, einen Beweis vollstdndig durch den vertrauenswiirdigen Kernel von LEAN
zu iiberpriifen, stellt eine erhebliche Steigerung des Vertrauens in die von VAMPIRE gene-
rierten Beweise dar. Dadurch werden solche Beweise insbesondere fiir sicherheitskritische
Anwendungen, aber auch fiir die weiteren Einsatzgebiete von VAMPIRE noch wertvoller.

Die vorgestellte Methode wird auf einem grofien Satz von Benchmark-Problemen (TPTP
9.2.1) evaluiert und zeigt, dass 99% der von VAMPIRE (unter einem Instruktionslimit von
100 Giga-Instruktionen) gefundenen Beweise mit einem Zeitlimit von 1000 s erfolgreich in
LEAN gepriift werden konnten. Aulerdem wurden zwei weitere, weniger spezialisierte An-
sitze zur Beweispriifung unter Verwendung eines externen beweisproduzierenden ATPs
(DUPER) evaluiert, die den Performanzvorteil der vorgestellten Methode demonstrieren.
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Abstract

Modern automated theorem provers (ATPs) such as VAMPIRE are large programs that
provide symbolic reasoning capabilities for a wide range of applications, including soft-
ware analysis, the formalization of mathematics, and cybersecurity. While the underly-
ing calculus of VAMPIRE is known to be sound, its implementation may contain bugs
that can lead to unsound proofs. This thesis presents a method to increase trust in
these proofs by verifying their soundness end-to-end, translating them into a form that
can be checked using the interactive theorem prover (ITP) LEAN. The presented ap-
proach applies to the CNF (clause normal form) and FOF (first-order form) fragments
of first-order logic with equality. To achieve full proof checking including preprocessing,
this work introduces two modifications concerning skolemization and the handling of
pure predicates in VAMPIRE and evaluates them separately. Furthermore, it introduces
a “proof-replay” method in VAMPIRE that reconstructs proof details discarded during
proof search for performance reasons, but relevant for efficient proof reconstruction in
LEAN. The ability to check a proof end-to-end by a trusted kernel in LEAN is a signifi-
cant increase in trust in the proofs generated by VAMPIRE, which makes such proofs even
more valuable for safety-critical applications as well as in the other application domains
of VAMPIRE.

The presented method is evaluated on a large benchmark set (TPTP 9.2.1), showing that
99% of proofs found by VAMPIRE (within an instruction limit of 100 giga-instructions)
could be successfully checked in LEAN with a time limit of 1000s. Furthermore, two other,
less specialized, approaches to proof checking using an external proof-producing ATP
(DUPER) were evaluated and compared against the developed method, demonstrating
the performance benefit of the proposed approach.
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CHAPTER

Introduction

Automated reasoning is a foundational tool in computer science and engineering. Sym-
bolic reasoning can provide trustworthy guarantees about derived conclusions with ver-
ifiable certificates of correctness. In other words, an automated reasoner can produce a
proof of given conjecture based on formalized assumptions. This is particularly impor-
tant for safety-critical application such as software analysis [BF25; Ahr+00; Geo+22],
checking whether a given program behaves correctly. Well-known examples of the need
for such software analyses are the Ariane 5 rocket failure [Lio96] and the Therac-25
radiation therapy machine accidents [LT93], which were both caused by software errors
that were potentially preventable by formal software analysis. Further applications of
automated reasoning include the formalization and proof of mathematics [Mcc97; US10;
Bol+25], cybersecurity [Run22; Jea+24; LOB24], and machine learning with neural net-
works [BHS26; Des+25].

Various different programs have been developed to perform automated reasoning, such
as automated theorem provers (ATPs) and satisfiability modulo theories (SMT) solvers.
These programs can automatically find proofs for a formalized conjecture without hu-
man intervention. VAMPIRE is a powerful superposition-based ATP which has won all
categories in the CASC competition in 2025 [Sut25]. However, the proofs generated by
VAMPIRE can be very long and can become very tedious for a human to check, which
motivates the need for external proof verification. While the underlying calculus of VAM-
PIRE is known to be sound, the implementation of the calculus may contain bugs, which
could lead to unsound proofs being generated. This would be particularly problematic
in safety-critical applications, where the consequences of relying on an unsound proof
could be severe.

Proof-checking is already somewhat established for other automated reasoners, such as
satisfiability (SAT) solvers, where the underlying theory is propositional logic [WHH14].
However, the set of separate inference rules used by SAT solvers is smaller and simpler

1




1.

INTRODUCTION

than the rules that are required for a more expressive logic such as first-order logic with
equality, which is the underlying logic of VAMPIRE.

Checking saturation calculus proofs has been approached in different ways previously,
where a convenient approach is to use another ATP or SMT solver to externally reprove
each inference step of a generated proof [Raw+25; Lac+24; Arm+11]. This increases
trustworthiness of the proof, but the external solver is still not guaranteed to be sound,
although it is unlikely that two different solvers would contain a bug that leads to a
similarly unsound proof. However, the main problem with this approach is that some
inferences may be hard to verify for an external solver making it infeasible to check the
proof. For example, eliminating existential quantifiers is not trivially a sound inference
step, since it implicitly relies on the choice axiom, which can be implemented in different
ways. It can be therefore hard to check such inference steps.

Alternative approaches rely on interactive theorem provers (ITPs) to check a proof
inference-by-inference [MP08; Moh+25]. This method greatly reduces the trusted code-
base, as I'TPs are engineered to have a small trusted kernel, which is the only part of the
system that (typically) needs to be trusted for soundness. The remaining code around
the kernel is used to provide a convenient interface for users, providing a rich set of
automation and the possibility to implement custom methods within the system. Never-
theless, the use of an ITP for proof checking comes with several challenges as well, such
as different underlying formalisms, varying treatment of associative and commutative
connectives and the need to detail a proof with more granularity than the original proof.

Furthermore, modern ATPs such as VAMPIRE have a growing number of inference rules
and supported theories, which makes it challenging to automate proof-checking for all
possible inference steps in an ITP. Hence, an ITP that provides powerful and extensible
automation such as LEAN is a good candidate for proof-checking VAMPIRE proofs with
reconstructing proof details not only in VAMPIRE, but also in LEAN, being a midpoint
between the fully automated approach using an external solver and the fully manual
approach of translating the full proof in every detail.

The goal of this thesis is to produce proof output in VAMPIRE for a subset of inference
rules that can be checked for soundness in LEAN. The proof reconstruction effort, in
other words, the effort of generating details of the proof that are not explicitly given in
the originally generated proof is shared between VAMPIRE and LEAN.

A major goal is that the full proof from axioms to conclusion is checked in LEAN, which
means that preprocessing steps that have not been considered in previous works, are
also checked.

1.1 Related Work

The VAMPIRE theorem prover [Bar+25| is a state-of-the-art automated theorem prover
that won the CASC-30 [Sut25] competition in all categories against competing systems.



1.1. Related Work

It implements several advanced reasoning techniques, most notably AVATAR [Vorl4]
and ALASCA [Kor+23|.

A wide range of proof checkers, more specifically ITPs, exists, each with different design
goals and underlying formalism, which may be considered for checking the soundness of
proofs generated by VAMPIRE. Isabelle [NWP02] is based on higher-order logic, while
most other commonly used proof checkers, such as RocqQ [Tea24|, AcpA [BDN09], and
LEAN [MU21], are based on variants of dependent type theory. Several ATPs are able
to generate proofs tailored to specific proof checkers. For example, DUPER [Clu+24] is
a superposition based ATP that produces proof terms for LEAN. METIS [Hur03] can
find proofs for ISABELLE, and SAUTO [Cza20] provides automated proof search for RoQc.
The primary purpose of these systems is to assist interactive theorem proving, and as a
result their goal is not necessarily to achieve maximal performance in proof search, since
the overall process is guided by a human user.

Furthermore, several interactive theorem provers feature so-called “hammers”, which
invoke an ATP to find a proof obligation arising in the human formulated full proof, and
then produce a proof that can be used within the ITP. Translating a proof produced by
an ATP into a form that can be reconstructed and understood by the kernel of an ITP
is a key building block for using such systems as hammers within interactive theorem
proving. Notable examples include Sledgehammer [BN10], which uses several ATPs, and
COQ-HAMMER [CK18].

Efforts have been made to produce verifiable proofs in VAMPIRE. Ground Truth [Raw-+25]
is an approach in which each individual proof step is grounded and then passed to an
SMT solver. All inference steps are checked individually at the ground level in order to
fit the capabilities of SMT solvers. This grounding reduces the generality of the inference
steps, which means that preprocessing steps cannot be included, as well as other inference
steps [Raw+25]. Furthermore, SMT solvers themselves are rather big pieces of software
and are not completely trusted. Consequently, this approach should be seen as a way
to enhance trust in a proof rather than to provide full verification. Another attempt to
verify proofs generated by VAMPIRE uses the AIIl modulo theory calculus [KRS25], with
proofs checkable in DEDUKTI [Ass+23]. This approach checks individual inference steps
by manually constructing proof terms inside VAMPIRE to establish the correctness of
each step. However, the range of supported inference steps is limited, and preprocessing
steps are excluded for this approach as well. All the proof reconstruction effort is left
to VAMPIRE, which makes it harder to implement new inference rules, since each proof
step needs to be handled manually in VAMPIRE. Therefore, the approach of this thesis
is to share the proof reconstruction effort between VAMPIRE and LEAN, which allows for
more flexibility when engineering the proof output of VAMPIRE.

Furthermore, interfacing efforts have been made from LEAN’s dependent type theory to
less expressive logics such as higher-order logic by LEAN-AUTO [Qia+25], which could
enable the use of VAMPIRE as a hammer for LEAN with further development.
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1.2 Research Questions

The main research question of this thesis is:
How can one check the soundness of proofs generated by VAMPIRE end-to-end in LEAN?
Furthermore, sub-questions are:

e How can one include preprocessing steps such as e.g Skolemization, which is known
to be a non-trivial inference step to proof-check, in the proof checking process?

o How does one effectively structure a saturation calculus proof for an interactive
theorem prover?

e How to reconstruct proof details in a way that is effective and flexible for future
changes?

e In which way can this method compare to previous approaches such as running an
external proof-producing ATP on each inference step?

1.3 Structure of this Thesis

This thesis is structured in five chapters. After this introduction, Chapter 2 introduces
the relevant background required for this thesis. First, the basics of first-order logic
(with equality) are introduced, which VAMPIRE works in. Then, the dependent type
theory underlying LEAN is described, and how first-order logic can be incorporated
into dependent type theory is explained. Finally, AVATAR is described, which is an
important method that VAMPIRE uses.

In Chapter 3, the methods of proof translation are described in detail. This includes a
description how to use the proof output of VAMPIRE, the layout of the generated proof
output, and implementation details. The proof-replay method is introduced, which
reconstructs proof details in VAMPIRE that are discarded during proof search.

The resulting artifact is evaluated in Chapter 4, in which the implemented preprocessing
changes, as well as the proof-replay overhead in VAMPIRE, are measured.

Finally, Chapter 5 concludes the thesis and gives an outlook on future work.

Peer-reviewed publication at the ITP 2026 conference The work described in
this thesis is partially described in the paper “Lean on Vampire Proofs (Short Paper)”
[Bod+26], that was accepted at the 17'" International Conference on Interactive The-
orem Proving - ITP 2026. This thesis describes the methods in more detail than the
paper and provides additional background as well as a more detailed evaluation.



CHAPTER

Background

This chapter provides the background needed for the methods used in the remainder of
the thesis. It first describes the underlying logic and the proof-search methods used by
VAMPIRE. It then introduces the dependent type theory underlying LEAN and presents
a method for embedding first-order logic into dependent type theory.

2.1 A Brief Introduction to First-Order Logic

VAMPIRE is a superposition-based automated theorem prover for first-order logic (FOL)
with equality [Bar+25]. The goal of this section is to provide enough, albeit informal,
detail to understand the concepts needed for proof search!, but not a detailed description
of syntax and semantics, which can be found in standard textbooks such as [Fit96]. No
explicit definition of the syntax of FOL is provided in this section, and adheres to the
standard syntax of FOL with equality.

Semantics The meaning of a formal language is given by its semantics, which defines
the interpretation of the symbols used in the syntax of the language. It also deter-
mines what it means for a formula to be true or false, and thus provides the basis for
satisfiability and validity, the main properties of interest for automated theorem provers.

Definition 2.1.1 (Structure). A structure S of a first-order language £ is a pair
(D,F) = S where D is the domain (a non-empty set), and F' is an interpretation
function that assigns meanings to the symbols of L.

To give meaning to formulas with free variables (variables that are not bound by quan-
tifiers), an interpretation provides an assignment to these variables.

IDifferent sources name things slightly differently. In this work, the term ”model” refers to a structure
which satisfies a (set of) formulas, and an interpretation consists of a structure and an assignment.
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Definition 2.1.2 (Interpretation). An interpretation I of a first-order language L is a
pair (S, E), where S is a structure of £ and E is the environment; an assignment that
maps variables to elements of the domain of S.

Definition 2.1.3 (Satisfiability). A formula ¢ is satisfiable in a structure S, if there
exists an environment E such that (S, E) = ¢, that is, that the formula is interpreted
as true.

Definition 2.1.4 (Formula is true). A formula is true in a structure S if, for every
assignment E of the environment, the interpretation I = (5, F) satisfies the formula.
Denoted as S = ¢.

Definition 2.1.5 (Validity). A formula ¢ is valid (denoted as = ¢) if and only if it is
true in every structure. A valid formula is also called a tautology.

It is also possible to compare two formulas by their truth values in different interpreta-
tions, which leads to the concepts of equivalence and equisatisfiability.

Definition 2.1.6 (Equivalence of formulas). Two formulas ¢ and ¢ are equivalent (de-
noted as ¢ = v) if and only if they are true in the same interpretations, i.e., for every
structure S, it holds that S |= ¢ if and only if S = .

Definition 2.1.7 (Equisatisfiability). Two formulas ¢ and 1) are equisatisfiable if ¢ is
satisfiable if and only if v is satisfiable. In other words, there exists a structure S such
that S = ¢ if and only if there exists a structure S’ such that S’ |= 1.

There is an important distinction between equivalence and equisatisfiability, since eq-
uisatisfiable formulas may have different structures in which they are true, whereas
equivalent formulas must be true in the same structures. This matters for transfor-
mations that introduce new symbols not present in the original formula, because the
original and transformed formula cannot share the same interpretation, and thus cannot
be equivalent, but they can be equisatisfiable.

Plain first-order logic can be used to express a wide variety of statements, but it is often
desirable to work with a theory 7, i.e., an additional set of axioms that is assumed to be
valid. For example, such a theory can be the theory of equality, the natural numbers or
arrays. Equality is an elementary theory that underlies many other theories and serves
as the foundation for VAMPIRE. At first glance, adding a theory to the base calculus
may seem unnecessary, since it appears equivalent to adding the corresponding axioms
to the input. However, because the theory is fixed, the calculus can use specific inference
rules designed for that theory, which can greatly speed up proof search. Later in this
section, the superposition calculus is described, where three of the five inference rules
are specifically designed for the theory of equality [NRO1].

Definition 2.1.8 (Validity of a formula with respect to a theory). A formula ¢ is
valid with respect to a theory 7T, consisting of the axioms A, if and only if for every
interpretation I such that I = A, it holds that I | ¢.
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Definition 2.1.9 (First-order logic with equality). FOL with equality includes the bi-
nary predicate symbol = that represents equality. This predicate is interpreted as the
equality relation, which has the following axioms:

Ve.x =2 (reflexivity)

VaVy.x =y — y =2a (symmetry)
VaVyVz.x =y ANy =2z — o =z (transitivity)
Vay ... Ve ,Vyr .. Vyp (1 =y1 A Axy = yn)
= flx1,..oyzn) = f(Y1,- -, Yn)
Vay ... Ve, Yy .. Vyp(z1 =11 A Axy = yn)
— P(x1,...,2n) < P(y1,. ., Yn)

(congruence for function symbols)

(congruence for predicate symbols)

Soundness & Completeness The aim of VAMPIRE is to find a proof of validity
for a given conjecture ¢ from a set of axioms I', or to show that such a proof cannot
exist. In other words, VAMPIRE tries to prove that I' = ¢ holds. This is a semantic
property, but automatic reasoners operate on a syntactic level: they manipulate formulas
and terms without direct reference to their semantics. The rules used for manipulating
such formulas and terms are called inference rules of the calculus. To ensure that such
syntactic manipulation establishes the desired semantic property, the calculus must be
sound.

Definition 2.1.10 (Soundness). A calculus is sound if and only if for every formula
¢ that can be proven from a set of axioms I' using the inference rules of the calculus
(denoted as I' - ¢), it holds that I" = ¢.

Furthermore, it is desirable that a calculus is complete. This means that if a formula is
valid, then it can always be proven using the inference rules of the calculus.

Definition 2.1.11 (Completeness). A calculus is complete if and only if for every for-
mula ¢ that is valid with respect to a set of axioms I' (I' = ¢), it holds that I - ¢.

Now that the most important semantic properties of formulas, together with the connec-
tion between syntax and semantics provided by soundness and completeness, have been
defined, the focus can shift to the purely syntactic manipulation of formulas performed
by automated theorem provers.

Normal Forms First, common names for fragments of formulas are introduced, as
they are needed to define normal forms. Then the normal forms used by VAMPIRE for
proof search are defined.

Definition 2.1.12 (Atomic formula). An atomic formula is a predicate symbol applied
to terms, i.e., a formula of the form P(¢,...,t,) where P is a predicate symbol and
t1,...,ty are terms.
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Definition 2.1.13 (Literal). A literal L is an atomic formula (i.e., a predicate applied
to terms) or its negation.

Definition 2.1.14 (Clause). A clause C is a disjunction of literals, so a formula of the
form Ly V---V L, where Lq,..., L, are literals.

It is useful to define normal forms of formulas, which impose specific syntactic restrictions
on their shape. These normal forms are important for proof search in VAMPIRE because
they simplify the structure of formulas and make it easier to find suitable inference rules.
It is always possible to transform a formula into these normal forms. A proof which
shows that any formula can be transformed into conjunctive normal form (CNF) can be
found in [Fit96]. Similar proofs can be found for the other normal forms as well, but
they are not included here for brevity.

Definition 2.1.15 (Negation normal form). A formula ¢ is in negation normal form
(NNF) if and only if the negation symbol only appears directly in front of atomic formu-
las.

The CNF is probably the best-known normal form, as it is used by SAT solvers in
propositional logic and by superposition-based theorem provers alike and is a starting
point for many other proofs.

Definition 2.1.16 (Conjunctive normal form). A formula ¢ is in CNF if and only if it
is a conjunction of clauses, where a clause is a disjunction of literals, and a literal is an
atomic formula or its negation. So the formula is in CNF if and only if it is of the form

o= A=AV 1,
i=0 =0 j=0

where each Cj is a clause and L; ; a literal.

Within this thesis, the abbreviation CNF will be conflated with the clause normal form,
largely used by VAMPIRE. One can interpret clauses as sets of literals, and a formula
as a set of clauses, which is the common representation used in superposition-based
theorem provers. This treats the associativity and commutativity implicitly, which is
convenient for proof search, but makes it harder to reconstruct the original formula from
the generated proof.

While processing, VAMPIRE treats all formulas to be implicitly quantified by universal
quantification, which is related to the prenex normal form (for universal quantifiers):

Definition 2.1.17 (Prenex normal form). A formula ¢ is in prenex normal form if and
only if it is of the form Qqx1 ... Qnxn, where Q1,...,Q, are quantifiers (i.e., V or J)
and 1 is a quantifier-free formula.
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Syntactic Manipulations An important property, used a lot within the thesis in the
form of rewriting, is that formulas can be manipulated by replacing subformulas with
equivalent formulas. It is also a foundation of the inference rules of the superposition
calculus, which rely on replacing subterms with equal terms. It is a consequence of the
replacement theorem:

Theorem 2.1.1 (Replacement theorem). Let ¢[X] be a formula containing a subformula
X and S a structure (for the respective language). Let Y be a formula in the same
language as ¢[X] and X. If X =Y is true in S, then ¢[X] = ¢[Y] is true in S.

Proof. Theorem 8.2.1 in [Fit96]. O

Furthermore, to manipulate formulas, substitutions can be used, which instantiate vari-
ables with terms.

Definition 2.1.18 (Term substitution). A substitution o is a mapping from variables
to terms, which can be applied to a term ¢ to obtain a new term to by replacing each
variable z in ¢ with o(x).

Sometimes, two substitutions need to be applied in sequence, which can be expressed
by the composition of substitutions. Special care is needed when defining substitution
composition, since the order of application matters.

Definition 2.1.19 (Composition of substitutions). The composition of two substitutions
o and 0 is a substitution ¢6 with the following property: For every term t, it holds that
t(oh) = (to)b.

The definition of substitutions for terms can simply be extended to formulas by applying
the substitution to each term in the formula.

These substitutions can be used (e.g. within the superposition calculus) to make two
terms syntactically equal so that they can then be rewritten using the replacement
theorem. A substitution, which makes two terms syntactically equal, is called a unifier
of the two terms.

Definition 2.1.20 (Unifier). A unifier of two terms ¢; and ¢ is a substitution o such
that ti0 = tao.

There may be multiple different unifiers for two terms, but there exists a special unifier,
called the most general unifier. It is the most general substitution that unifies the two
terms. The meaning of most general is that any other unifier can be obtained from the
most general unifier by applying a further substitution. The most general unifier (mgu)
is unique up to variable renaming [Fit96].
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Definition 2.1.21 (Most general unifier). A unifier o of two terms ¢; and t3 is a mgu
if and only if for every unifier o’ of ¢; and t5, there exists a substitution 6 such that
o' =fo.

Automated theorem provers rely on the most general unifiers since they allow to get the
most general inference rules. Keeping only the most general forms of formulas is useful
because it keeps the search space smaller, thereby saving memory and time.

Subsumption Another concept that is important for keeping the search space small
is subsumption, a relation between clauses that can be used to decide which clauses are
redundant and can be removed from the search space without losing completeness of the
calculus.

Definition 2.1.22 (Subsumption). A clause C' subsumes a clause D if and only if there
exists a substitution ¢ such that Co C D, where Co is the set of literals obtained by
applying the substitution o to each literal in C.

2.2 Superposition Calculus; or, How VAMPIRE Finds
Proofs

The superposition calculus is a sound and refutationally complete calculus for first-order
logic with equality [BG94]. Refutational completeness means that if a set of formulas is
unsatisfiable, then the system can derive a contradiction (i.e., the empty clause) from it.
This is sufficient for proving validity, since a conjecture ¢ is valid with respect to a set
of axioms T if and only if the set of formulas I' U {—¢} is unsatisfiable.

2.2.1 Saturation Loop

In VAMPIRE, proof search revolves around a saturation loop, which applies inference
rules to derive new clauses from the existing ones. The saturation loop works on a set
of clauses S, which represents the current state of the proof search.

To show that a conjecture ¢ is a logical consequence of a set of axioms I' in the refu-
tational saturation process, the conjecture is negated and added to the set of formulas
S =T U{-¢}. 2 After preprocessing (converting all first-order formulas to CNF result-
ing in a set of clauses), inference rules of the superposition calculus are applied to derive
new clauses from the clauses in S. These inference rules will be described in more detail
later.

The saturation loop selects how inference rules are applied to the existing clauses in .5,
typically maintaining a set of active clauses and a set of passive clauses. Active clauses

ZNotice how this is a set of formulas instead of a single formula with logical conjunction. This point
of view will be important later on, since the set has no ordering and thus implicitly uses associativity and
commutativity of A.
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are those that are used for generating inferences, while passive clauses are those that
have not yet been selected [KV13]. Various strategies exist for selecting the clauses to
process such as the Otter loop [Mcc03], the Discount loop [DKS97] as well as a limited
resource strategy [RV03] to name some. The saturation loop derives new clauses until
either the empty clause can be derived, or no further non-redundant clauses can be
derived by the available inference rules.

The conjecture is implied if the empty clause, [J, can be derived from S using the
inference rules of the superposition calculus.®> The case where the empty clause can be
derived is also the only one that is considered for proof-checking in this work. For a
complete description, although not treated by this work, the other cases also need to be
considered.

If the empty clause cannot be derived, and no further non-redundant clauses can be
derived by the available inference rules, saturation has been reached [BG94]. If the
calculus is complete,* saturation means that a model of S can be constructed, which
shows that the input clauses are consistent. Therefore, the conjecture is not valid with
respect to the axioms and a counterexample can be constructed.

As a final option, the saturation process could run indefinitely, which would also show
that the input clauses are satisfiable and thus that the conjecture is not valid with
respect to the axioms. However, in practice, this never occurs because computational
resources are finite, so the process will be stopped after a certain time limit or memory
limit is reached. If this is the case, no conclusion can be drawn about the validity of the
conjecture with respect to the axioms.

The superposition calculus is proven to be both refutationally sound and complete
[BG94], so all of these cases yield correct conclusions about the validity of the con-
jecture with respect to the axioms. In practice, however, such guarantees may not hold
for an implementation of the calculus in a given ATP. Bugs may be present in the imple-
mentation, potentially causing both unsoundness and incompleteness. This is the main
motivation for this work: checking proofs for soundness.

2.2.2 Inference Rules

The inference rules in Figure 2.1 are the main rules used in the superposition calculus
implemented in VAMPIRE. Resolution and factoring are rules from the resolution calculus
for first-order logic without equality.

The other three rules all deal with equality, where equality resolution and equality fac-
toring are specialized versions of the former rules. Superposition is the main inference
rule for reasoning about equality, since it allows the term s’ occurring in the literal L to
be replaced by another equal term ¢. In essence, this allows terms to be rewritten using
equal terms [BG94; NRO1].

3Requiring the soundness of the calculus.
“The theoretical superposition calculus is refutationally complete [BGY4].

11
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Resolution Factoring
/
L\/C oL vD o =mgu(L, L") L\/L/\/C ,
(CV D)o W o =mgu(L,L")
Superposition
s=tVvC Lis'|v D
o = mgu(s,s’)
(L[t]vCV D)o
Equality Resolution Equality Factoring
s#tvC s=tvs=tvC ,
T Co Tt (s=tvtzevCo - e

Figure 2.1: Inference rules of the superposition calculus. L and L’ are literals, C' and D
are clauses, s, t, s, and ¢’ are terms, and o is a mgu. The underlined literals are selected
by the selection function, which is very important for the effectiveness of proof search
in VAMPIRE, in addition to subsumption conditions. However, these conditions are not
relevant for proof-checking in this work, as they merely restrict when the rule is applied
and do not affect its soundness.

In addition to these base rules, VAMPIRE uses further rules that are not necessarily
required by the calculus. These additional rules speed up proof search because they are
more specific and simplify the set of formulas by removing formulas that are less general,
i.e., formulas that are subsumed by newly generated, more general formulas. These
rules are called simplification rules. One of the most important simplification rules is
the forward demodulation rule [GKR20].

s=t LD
(L[t] V D)o

o = mgu(s,s’)

It has the same form as the superposition rule, but it is only applied if the left premise is
a unit clause, i.e., a clause with only one equality literal. Additionally, the right premise
needs to be subsumed by the generated clause, effectively deleting the old clause and
replacing it with the new one.

2.2.3 Further Inferences and Theory Reasoning

VAMPIRE also uses various other inference rules, next to the main inference rules of the
superposition calculus. Most relevant for this work are the inference rules that transform
formulas into normal forms, which are used for proof search since the inference rules of
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the superposition calculus are designed for clauses. Relevant inference steps will be
described in more detail in Chapter 3.

Furthermore, VAMPIRE also has specific inference rules for reasoning in theories, such
as the theory of arrays, integer arithmetic, reals, and others [Bar+25]. Checking these
inference rules is not part of this work, as the focus is on first-order logic with equality
without additional theories.

2.3 Dependent Type Theory; or, How LEAN Checks
Proofs

Many modern interactive theorem provers, including Rocq [Tea24], AcpA [BDN09] and
LEAN [MU21] use dependent type theory as their underlying formalism [Carl9; Tea24;
BDNO09]. The basis of dependent type theory is the untyped lambda calculus, extended
by types. Different variants of the lambda calculus add types in different ways, which

leads to type theories that can be classified by the lambda cube introduced in [Bar91].

They differ in their expressiveness and in the permitted dependency of types on terms
and other types. The most expressive type theory in the lambda cube is the calculus
of constructions, which allows both types depending on terms and types depending on
other types. RocQ and LEAN are both based on the calculus of constructions, with
inductive definitions and further extensions [Tea24; Carl9).

In the sequel, a somewhat informal and incomplete introduction to dependent type

theory is given, which should be sufficient to understand the methods used in this work.

For a more detailed introduction, the reader is referred to [Rij25].

Syntactic reasoning within dependent type theory is performed by inference rules, which
are used to derive judgements about the types of terms and the validity of types.

A basic reasoning rule, which allows to deduce the type of a term from an already derived
equality judgement, is for example the following rule:

I'Fa=b:A
I'Fa:A

The assumption of this rule is a judgement of equality between two terms a and b of
type A in the context I'. Dissecting this symbol by symbol, I' is the context, which is
a set of assumptions about the types of variables. In this example, it does not play an
important role and is simply carried along in the inference rules. The symbol - separates
the assumptions on the left from the conclusion on the right. The symbol = represents
judgmental equality. Finally, the symbol : represents the typing relation, which is used to
express that a term has a certain type. So the complete inference rule can be expressed
in natural language as follows: if we have equality between two terms a and b of type A
in the context I', then we can conclude that a has type A in the context I'.

13
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Reasoning in dependent type theory requires several such inference rules which allow
deriving the type of a term or to derive that a type is valid. For LEAN, these rules are
described in the work [Carl9], which gives a description of the type theory underlying
LEAN.

2.3.1 Special Types

Additional rules are used to specify the behavior of terms of special types, such as the
II type, the X type and inductive types.

IT Type: Dependent Function Types The II type represents functions that take
arguments of a certain type and return values of another type that can depend on the
argument.

An example using dependent function types is the following definition of the concatena-
tion function for polymorphic vectors:

concat : IT4.411,.nI1,.nVeec A n — Vec A m — Vec A (n+m)

It takes two vectors of lengths n and m and returns a vector whose length is the sum
of the lengths of the input vectors. The length of the vector is directly encoded in its
type, which is a defining feature of dependent type theory. Non-dependent functions
that do not have a return type depending on the argument type can also be expressed
in dependent type theory by using the II type; however, the arrow symbol — is usually
used to represent these functions.

> Type: Dependent Pair Types The X type allows one to express dependent pair
types, i.e., pairs of values where the type of the second value can depend on the first
value. An example of a dependent pair type is the following definition of the type of a
list:

List : ¥,,,nVec A n

which is a dependent pair type consisting of a natural number n and a vector of length
n. This type can be used to express lists of any length, or as a return type for a function
that returns vectors of any length. The non-dependent version of the X type is written
as the product type x, which is the special case where the second type does not depend
on the first type.

Inductive Types Another important building block of the dependent type theory
used in LEAN are inductive types, which allow types to be defined by specifying their
constructors, induction principles (or recursors), and computation rules [Carl9; Rij25].
For example, the natural numbers can be defined as an inductive type with two con-
structors: zero and successor.
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Type definition:
FN Type
Constructor definitions®:
FOy: N

Fsucey : N — N

These two constructors already allow construction of any natural number by applying
the successor constructor to zero a certain number of times. To reason about them,
they are also equipped with an induction principle, which allows one to reason about
the elements of the inductive type. For the natural numbers, the induction principle has
two cases: one for the base case of zero and one for the inductive case of successor. The
following rule is the induction principle for natural numbers which, given that P(n) is a
proper type as well as the base case py and the inductive case pgucc, gives us a function
indy that takes a natural number n and returns an element of P(n).

I',n:NFE P(n) Type 't po: P(Oy) I'F psuce : IIn : N.P(n) — P(succy(n))
I' F indn(po, Psuce) : In : N.P(n)

It allows us to conclude a property of all natural numbers by showing the property just for
the constructors. For natural numbers, this corresponds to the usual induction principle.
To apply a term obtained from the induction principle, suitable computation rules (that
define what happens when the function indy(po, psucc) is applied to an element of N) are
also introduced.

More generally, inductive types are always defined by a set of constructors used to build
the elements of the type, some form of induction principle that allows one to reason
about the elements of the inductive type, and computation rules that allow the induction
principle to be used for computation with those elements [Rij25].

Empty Type and Unit Type Two special inductive types are the empty type and
the unit type. The empty type has no constructors, so it has no elements, while the
unit type has one constructor of the unit type with suitable inductive principles. It has
exactly one element [Rij25].

Coproduct Type Another useful inductive type is the coproduct type A + B, which
represents the disjoint union of two types A and B. It can be used to express a type
that can be either of type A or of type B. To construct it, two constructors are required,
one for each type, which take an element of the respective type and return an element
of the coproduct type [Rij25]:

I'E A Type I'F B Type
'+inl: A— A+ B

®Notice how this is the first time we make a judgement of the type of a term, before only judgements
over types were made.

15
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I'E A Type I'F B Type
'tinr: B—~ A+ B

This means that if one has an element of type A+ B, then it contains either an element
of type A or an element of type B. The inductive principle for the coproduct type
recombines the two cases by requiring two functions, one taking an element of type A
and the other taking an element of type B, and returning an element of some type
P [Rij25]:

ind, : (I P(inl()) = (s P(inr(y)) = My 5 P(2)

One function takes an element of type A and returns an element of some type P, while
the other function takes an element of type B and returns an element of the type P
(with P possibly dependent on the given element). When both functions are provided,
the induction principle yields a dependent function consuming the coproduct type and
computing as expected.

2.3.2 Universes

Previous definitions used the symbol U without explanation. This symbol represents a
universe, which can informally be thought of as a type of types. More formally, a universe
U contains an encoding of types as elements of the universe, and a type family 7 that
maps elements of the universe to types. Universes need to satisfy further properties,
such as closure under II. A more rigorous definition can be found in [Rij25].

Multiple Universes Universes are used in some type theories to avoid paradoxes such
as Girard’s paradox [Gir72] (similar to Russell’s paradox in set theory). These paradoxes
typically arise from self-reference, which in type theory occurs when types are allowed
to be elements of themselves. To avoid this paradox, multiple universes are used to form
a hierarchy [Rij25]. These hierarchies can have different features depending on the type
theory. For example, ROCQ and LEAN use different approaches: RocQ has a cumulative
hierarchy of universes, while LEAN does not use cumulativity but instead features explicit
universe polymorphism for types [Car19]. Furthermore, the lowest level of the hierarchy
typically has a special role and name, namely the universe of propositions. In both LEAN
and RocQ, this universe is called Prop. In LEAN it has several special properties, such
as impredicativity and proof irrelevance, which are not present in the other universes.
For most of this work, the details of the universe hierarchy are not relevant, but in
Section 2.4 it will be important when converting between propositions and booleans in
LEAN, which are in two different universes.

2.3.3 Curry—Howard Correspondence

Until now, the description of dependent type theory has not yet explored the connection
between dependent type theory and proof-checking. The Curry—Howard correspondence
bridges this gap by relating types to propositions and terms to proofs, and vice versa.
To show that a theorem is true in a proof assistant based on dependent type theory, one
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formalizes the statement of the theorem as a type. To prove the theorem, it suffices to
construct a term of that type, which serves as the proof.

All of the previously introduced types can be used to map between first-order logic and
dependent type theory, where a table of such a mapping is given in Table 2.1.

In fact, dependent type theory is more expressive than FOL, but for the purpose of this
work, only the correspondence between FOL and dependent type theory is relevant.

First-order Logic Dependent Type Theory
Proposition Type
Proof Term
Predicate Type family
Functions Functions
T Unit type
1L Empty type ()
A Product type (non-dependent) A x B
V Coproduct type (non-dependent) A + B
= Function type (non-dependent) A — B
-P P — @
YV, P(x) Dependent function type II,.4 P(x)
Jz, P(z) Dependent pair type ¥,.4P(x)
T=1y Propositional equality x = y

Table 2.1: Curry-Howard correspondence of first-order logic in dependent type theory
[Rij25].

The interpretation of logic in dependent type theory is largely captured by the table,
but there are some differences to note.

Constructive Logic The Curry-Howard correspondence is of constructive nature,
which means that it does not assume the law of the excluded middle (a V —a is valid)
or the axiom of choice (used in classical logic). As a result, it limits the types of
proofs that can be expressed to constructive proofs, which are a subset of the proofs
that are valid in classical logic. Notably, proof by contradiction is not derivable in
constructive logic without additional axioms. While some parts of mathematics are
developed only constructively, many mathematical proofs rely on proof by contradiction,
double negation elimination, or the axiom of choice, which is also the case for all proofs
by VAMPIRE. Every (refutational) proof by VAMPIRE is a proof by contradiction. As
shown in recent work [SR26], some proofs found by VAMPIRE may be transformed to
constructive proofs, but this is not always possible.

To bridge this gap, axioms can be added to dependent type theory to make it classical.

For example, in LEAN, propositional extensionality, a law over quotient types related to

5Transformation for the fragment of FOL with equality “equational Horn” is shown in the paper

17
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functional extensionality, and the axiom of choice are added as axioms [Carl9]. These
axioms allow to derive the law of the excluded middle and double negation elimination,

making it possible to express classical proofs in LEAN.

Proof Irrelevance In classical logic, the specific proof of a theorem does not matter,
which is called proof irrelevance. In dependent type theory, this relationship is more
complex, since proofs are terms. Different proofs correspond to different terms with
the same type, thereby being able to distinguish different proofs of the same theorem.
This would mean that, for two different proof terms p; and ps of the same type P, one
cannot (immediately) assert p; = po. This contrasts with the idea of proof irrelevance

in classical logic.

When considering classical logic, multiple proofs of the same theorem are also possible,
but the proofs are normally not considered part of the logic itself, whereas in dependent
type theory they are which is the cause of this difference. A more detailed view of
interpreting logic in dependent type theory is given in [Rij25]; for this work, it suffices
to note that interactive theorem provers have carefully designed their inference systems

to ensure that the embedding works as expected [Carl19].

2.3.4 Example of the Embedding in LEAN

Finally, to show that the implementation of the embedding in LEAN is as expected, the
definition of the disjunction operator V is taken as an example in Listing 2.1. As shown
in Table 2.1, the disjunction operator V is constructed by a coproduct type A + B in
dependent type theory, which is defined as an inductive type with two constructors inl
and inr and an induction principle Or.elim. It also shows how closely related the

LEAN code is to the mathematical definitions, which is a main feature of LEAN.

inductive Or (a b : Prop) : Prop where
| inl (h : a) : Or a b
| inr (h : b) : Or a b

theorem Or.elim {c : Prop} (h : Or a b) (left : a - c) (right : b - c)
match h with
| Or.inl h => left h
| Or.inr h => right h

W N O O W N

Listing 2.1: Main elements of the definition of “Or” (V) in LEAN Core. inl and inr
are the constructors and Or.elim is the induction principle for this inductively defined

type.

18
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2.4 AVATAR: Advanced VAMPIRE Architecture for
Theories and Resolution

AVATAR is an architecture for reasoning about the propositional structure of formulas,
as well as theory reasoning in the superposition calculus [Vorl4; Bar+25]. It allows
VAMPIRE to reason about the propositional structure of formulas, which helps to speed
up proof search by allowing the use of propositional reasoning techniques employed by
SAT solvers. A full description of AVATAR is beyond the scope of this work and can be
found in the introductory paper [Vorl4]. The relevant details of AVATAR for this work
are briefly discussed next.

2.4.1 Splitting of Clauses

To reason about the propositional structure of formulas, AVATAR splits clauses into
components and gives them names. At first, we introduce splitting:

Givenaclause C =Vzry,...,Tn, Y1, Ym. (Ci[x1, ..., 20] V Caoly1, ..., Ym]), where z1, . ..

and y1,...,Ym are disjoint sets of variables, one can split the quantifier as follows:

Vi, ..o, xn.Crlxe, ., 2n] VYL, oo Ym-Colyn, - vy Y

Let S be a set of clauses, then we have: S U C' is unsatisfiable, if and only if S U C; and
S U Cy are unsatisfiable [Vor14]. Hence, the original clause C' can be replaced by the
two clauses Cy and Cy without affecting the unsatisfiability of the set of clauses. This
can be generalized to splitting a clause into n clauses. In the context of AVATAR, these
split clauses are called components and are identified with propositional variables.

To keep track of the names and meanings of the newly found components, assertions
and A-clauses are introduced. An assertion is a finite set of propositional variables. An
A-clause is a pair consisting of a clause and an assertion. An A-clause is denoted as
follows:

D+ A

where D is the clause and A is the assertion. The assertion A is a set of propositional
variables. It uses the < symbol as it is essentially an implication, reading as: if the
assertion A holds, then the clause D holds.

2.4.2 Constructing A-Clauses

To make use of A-clauses and splitting, VAMPIRE splits clauses into components and
then constructs A-clauses from the components. For example, given a clause C' and its
components C7 and Cs, the following A-clauses are constructed:

Cl < {SAl} 02 — {SAQ}

where sA; and sA, are two new propositional assertions corresponding to the compo-
nents C and C5, respectively. Since sA; and sAy are now simple propositional variables,

Tn
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they can be used in propositional reasoning, simplifying the first-order structure of the
components and only keeping the propositional structure in the form of the assertions.

2.4.3 First-Order Reasoning over A-Clauses

The previously introduced saturation rules can now be modified to work with A-clauses:

Dy D, — Dl%Al Dn<—An
D D+ A U---UA,

These new inference rules carry along the assertions for the premises, but otherwise stay
the same as the original calculus.

2.4.4 SAT Solver and First-Order Reasoning Combined

To reason about a problem using AVATAR, the SAT solver and the first-order reasoning
of VAMPIRE are combined to work together. In essence, VAMPIRE tries to split clauses
into components, names them, and passes the propositional formulas corresponding to
the components to the SAT solver.

The SAT solver either finds a satisfying assignment for the propositional formula, or
shows that it is unsatisfiable. If the formula is unsatisfiable, a refutation is found and
proof search is finished. If the formula is satisfiable (i.e., there exists a satisfying assign-
ment) then A-clauses (relevant for the satisfying assignment) are added to the saturation
set, and the first-order reasoning of VAMPIRE is used to derive new A-clauses, whose
corresponding propositional assertions are then again passed to the SAT solver. This
process is repeated until either a refutation is found, or saturation is reached.

Special care needs to be taken to properly handle simplification and subsumption of
A-clauses, which is covered in more detail in the original paper on AVATAR [Vor14]. In
conclusion, AVATAR introduces modifications and additional rules to standard VAMPIRE
proofs:

e modified A-clause inferences
e propositional variable declarations and definitions
« splitting of clauses into components

e SAT refutations



CHAPTER

VAMPIRE to LEAN Proof
Translation

This chapter describes the methods used to translate proofs found by VAMPIRE into
suitable LEAN proof objects. First, it presents a general system overview of the archi-
tecture and implementation. Then, it describes reconstruction steps in VAMPIRE that
recover details discarded during proof search for performance reasons but required for
proof-checking. To simplify proof-checking, proof search (in particular preprocessing)
was also modified to use transformations that are more suitable for reconstruction. Fi-
nally, the translation and reconstruction procedures in LEAN are described, which are
used to show the validity of VAMPIRE inference steps in LEAN.

3.1 Trust Model

The main goal of this work is to increase the trust in the soundness of VAMPIRE proofs.
Therefore, it is crucial to understand what one needs to be able to trust the checked
proofs. Crucially for this work, no trust! is required in both VAMPIRE and the proof
output it produced because it is checked independently of VAMPIRE starting from the
axioms to the conclusion of the conjecture.

Only one software component needs to be trusted, which is the LEAN ITP, and more
specifically, the kernel of LEAN, which is the part of the system responsible for checking
the validity of proof terms. When a proof using AVATAR is checked, the trust needs to be
extended to the (LEAN) verified SAT proof checker employed by the tactic bv_decide,
and thus essentially the LEAN compiler [Bov+25].

lup to the straightforward translation from input syntax to output syntax and the preservation of
semantic meaning
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Trusted Components A list of components that need to be trusted to establish
soundness of the checked proof:

e LEAN proof assistant
e Translation of assumptions and conclusion from input syntax to output syntax

e Equivalence of the semantics between input and LEAN output

The translation from input (SMT-LIB or TPTP) to LEAN syntax may lead to a seman-
tic difference, depending on the definitions used for symbols in the translation proce-
dure. However, the correspondence for first-order logic in dependent type theory is well-
established and uses only basic theorems in LEAN. Nevertheless, a bug in the translation
procedure may lead to proving something different than what was originally intended.

Hence, if a proof is successfully checked by LEAN, a step to further increase trust is to
verify that the final theorem proven in LEAN, which is the translation of the original
conjecture, is semantically equivalent to the original conjecture. For the fragment of
first-order logic with equality, this is not expected to be a problem as the corresponding
definitions are simple and well-established, but if this approach is extended in the future
(with more complex theories, for example), then a semantic mismatch between the orig-
inal conjecture and the final theorem in LEAN may arise due to different interpretations
of concepts.

If the translation from input syntax to LEAN syntax was found to be satisfactory, addi-
tional steps could be taken to further increase trust in the result, such as checking the
proof with tools like 1ean4checker or using a different kernel to check the proof such
as nanoda_1lib [Bai26] to check the proof independently of LEAN’s kernel.

3.2 System Design

There are two main components in the system: VAMPIRE and LEAN, which can both
be used to obtain details for the proof found by VAMPIRE. The effort of inferring
necessary proof details can be distributed between the two programs, which enables
many engineering decisions that can strongly influence proof-checking performance. The
guiding philosophy of the implementation in this work is to perform tasks where they
are most natural or easiest to carry out.

This means that VAMPIRE almost never handles proof terms directly, but instead outputs
instructions to LEAN on how to create these terms. This is feasible because LEAN already
has powerful proof automation features and a wide range of tactics that can be used to
construct suitable proof terms. Another design goal is to keep the implementation in
VAMPIRE mostly independent of the actual inference rules to keep future maintenance
easier. Previous approaches [Raw+25; KRS25] reproduced implementation details in
the reconstruction code which created maintenance issues when the implementation
of the inference rules in VAMPIRE changed. This was avoided by calling the original
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Provide a problem in
SMT-LIB or TPTP format
to VAMPIRE
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Run VAMPIRE ./ .
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No proof output
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Satisfiable = no proof to check with this method

Proof is output as a LEAN file

v

} (
Compile the LEAN file Wl
to check the proof J‘

)

'

Succeeded?

Increase timeout and
memory, then rerun

Timeout or memory limit?
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[ Manual inspection }
Y Translation issue = try to manually prove step
Manually inspect VAMPIRE issue (present in other proof output) =
the final theorem report VAMPIRE bug

!
[ e )

Figure 3.1: Workflow for checking a VAMPIRE proof in LEAN.

implementation of the inference rules without modification and then reconstructing the
proof details by proof replay, which is described in more detail in Section 3.6.1.

3.2.1 User Workflow

The workflow for checking a proof is shown in Figure 3.1. Typically, a user provides a
problem in SMT-LIB or TPTP format to VAMPIRE, which, after successful proof search,
outputs a LEAN input file. This file can then be checked by LEAN (given that the suitable
library is imported). To further establish validity, a manual check of the final theorem in
the output is useful to ensure that the theorem corresponds to the original assumptions
and conjectures from the input problem, which has the same semantics as the original
problem given in SMT-LIB or TPTP format.
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If something fails in this process, the failure needs to be examined manually. There are
mainly two possible reasons:

e The proof translation and reconstruction are incorrect: The proof found by VAM-
PIRE is correct, but there is a problem with the reconstruction. This can be fixed
manually by proving the problematic inference step.

e The proof found by VAMPIRE is incorrect: The proof is incorrect, which could
be caused by a bug in the implementation of VAMPIRE. This can be checked by
comparing the LEAN proof output with the “normal” proof output of VAMPIRE.
Furthermore, another theorem prover could be invoked on the same problem to
see if it produces a different result. If there appears to be a real problem, it should
be reported to the VAMPIRE developers.

It should be noted that only default VAMPIRE proof search is supported by the imple-
mented method. VAMPIRE has various options, invoking different proof search strategies,
which are typically controlled by the portfolio mode of VAMPIRE. These options may
trigger unsupported inferences or transformations, which are not yet implemented for
proof-checking.

3.2.2 Internal Program Flow

VAMPIRE LEAN

{ Read problem }

( Convert to CNF

e/

[ Saturation loop j

!

Construct proof DAG
from saturation set

and definitions; end-to-end check

T

[ Final theorem: aggregate steps }
P

p v N\ Tactics generate
Proof replay for necessary proof terms for inferences
inferences
\ 7
; ‘ i

( R
Generate LEAN file emit LEAN file Parsing and elaboration
using replayed information ! of generated file
N J

Figure 3.2: High level overview of the processing in both programs: left shows VAMPIRE
proof search, right shows LEAN proof-checking. The thick boxes indicate where informa-
tion is recorded in VAMPIRE for proof printing.



3.3. Running Example

A more detailed view of the internal program flow of proof-checking is given in Fig-
ure 3.2. Extra information for proof reconstruction is collected in VAMPIRE at several
steps during the proof search. While performance would suffer when collecting lots of
information during the saturation loop, collecting information for some preprocessing
steps is acceptable as it only happens once per problem and is typically not the main
bottleneck in proof search. The remaining missing details are reconstructed later by

proof replay, described in Section 3.6.1.

3.3 Running Example

To illustrate the applied techniques, a running example is used, which is a puzzle with
the following rules:
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11.

Someone who lives in Dreadbury Mansion killed Aunt Agatha.
The only residents are Aunt Agatha, the Butler, and Charles.
Everyone hates anyone they kill.

No killer is richer than their victim.

Charles hates nobody whom Aunt Agatha hates.

Aunt Agatha does not hate the Butler.

Aunt Agatha hates everyone except the Butler.

The Butler hates everyone not richer than Aunt Agatha.

The Butler hates everyone Aunt Agatha hates.

Nobody hates everyone.

Aunt Agatha is not the Butler.

This puzzle can be formalized in first-order logic with equality, where the goal is to prove
that Aunt Agatha killed herself. It is the problem PUZ001 in the TPTP library [Sut24;
Pel86]. The used formalization of the problem is given in Listing 3.1.

Jdz.(lives(z) A killed(z, agatha)) (1

Vx.(hates(agatha, x) —

)
lives(agatha) (2.1) vx.(_'xh:e]:l(lziiﬂjj’ z)) (5)
et o ates(ogatha,z) (67
Va. (lives(z) — Va.(—richer(x, agatha) —
(z = agatha V 2 = butler v hates(butler, x)) (8)
x = charles)) (2.4) Vzx.(hates(agatha, x) —
i hates(butler, x)) (9)
Va,y.(killed(x, y) — hates(z,y)) (3) Vo.(Gy-hates(z. ) )
Va,y.(killed(x,y) — —richer(z,y)) (4) (agatha = buéleﬂ )

Listing 3.1: Formalization of the Dreadbury Mansion Puzzle used as the running exam-

ple.
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..input...
12. ! [X0] : ? [X1] : ~hates(X0,X1l) [input (axiom) ]
...preprocessing steps...
28. ! [X0] : ~hates(X0,sK1(X0)) [skolemisation 12,27]

29. killed(sK0,A) [cnf 26]
..cnf transformation...
... resolution steps...
46. ~killed(X0,A) | hates(B,X0) [res 39,36]
48. hates(B,X0) | B = X0 [res 40,38]
53. B = sKO | C = sKO
| A = sKO [res 34,30]
1) <=> A = sKO [avatar def]

55. (

57. A = sKO <- (1) [avatar component 55]

59. (2) <=> C = sKO [avatar def]

61. C = sKO <- (2) [avatar component 59]

63. (3) <=> B = sKO [avatar def]

65. B = sKO <- (3) [avatar component 63]

66. (1) | (2) | (3) [avatar split 53,63,59,55]

67. hates(C,A) <-= (2) [sup 44,61]

70. hates (B,sK0) [res 46,29]

..resolution steps...

76. A = B <- (2) [res 72,38]

77. S$false <— (2) [fwd sub res 76,42]

78. ~2 [avatar contradiction 77]
superposition and resolution steps ...
sat refutation steps

95. S$false [avatar sat refutation sb5]

Listing 3.2: Excerpt of VAMPIRE proof for the Dreadbury Mansion Puzzle. Several
parts of the proof are omitted for brevity, but the main structure is present. It includes
preprocessing such as skolemization, resolution and superposition steps, and AVATAR
inferences. Constant symbols like Agatha are abbreviated by their initial letters (A,B,C)

The proof generated by VAMPIRE for this problem is quite long; a shortened version
is given in Listing 3.2, which shows important steps of the proof. It is written as a
sequence of inferences, where each inference is labeled with a number and justification.
The justification consists of the inference rule used (e.g., res for resolution). It includes
AVATAR inference steps, which is described in more detail in Section 2.4.

3.4 General Structure of the Generated LEAN File

The generated LEAN file has three sections:

1. Preamble: This section contains necessary imports required for the checking of
the proof, such as a custom LEAN library:

a) Imports, linting directives
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b) Declaration of the (inhabited) type ¢, representing the FOL domain

c¢) Declaration of uninterpreted function symbols (present in the input)

d) Declaration of uninterpreted predicate symbols (present in the input)
)

e) Declaration of introduced symbols (e.g. Skolem functions, predicate names)

2. Inferences: This section contains most inference steps of the proof. Notable ex-
ceptions are rules which introduce new symbols (e.g., skolemization and predicate
naming) and one part of the CNF transformation for performance reasons. Details
about these inferences steps are given in Sections 3.5 and 3.6.

3. Final Theorem: This part of the proof is the final theorem which proves the
original conjecture. It is formulated as a single theorem that takes (a subset of) the
premises in the input problem as assumptions from which the conjecture is derived.
If the input file has no conjecture defined, False is derived instead, showing that
the input problem is unsatisfiable. In total there are four main sections in the
proof:

a) Definition of the problem statement as a LEAN theorem

b) (Arbitrary) definitions for variables that do not appear in the assumptions or
the conjecture, but are used in the proof.

c) Negation of the conjecture if a conjecture is defined in the input (proof by
contradiction)

d) Sequence of combining previously shown inference steps as well as additional
definition steps.

3.4.1 Structure of the Generated LEAN File for Running Example

Listing 3.3 shows a simplified and shortened version of the previously described full
proof file. Each section is marked with comments indicating the start and end of each
section. In the preamble, the original constants A, B,C (Agatha, Butler and Charles)
are declared as variables of type ¢, which is the type representing the FOL domain.
Then, the introduced Skolem constants and functions as well as predicate symbols for
AVATAR inferences are declared as variables. After these necessary declarations, the
second section of the file contains the individual inference steps, which are proven one
by one. Finally, the last section contains the full proof of the conjecture that Agatha
killed herself, following from the axioms.

In the beginning of the fullProof theorem, the assumptions are introduced with the
names stepl-stepl3, after which the proof proceeds by applying proof by contra-
diction to the goal. Inferences that introduce new symbols (like skolemization) and
AVATAR definitions also show up in this section step28, since this is the place where
these introduced symbols can be defined and used between multiple inference steps.
Then, the previously shown sound inference steps (e.g. inf_s95) are combined step by
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step. The final step in the proof of fullProof is the demonstration that False has
been derived via exact step95, where step95 is the inference step deriving False
from its premises.

—— preamble —-—

variable {A B C : i1}

variable {sK1 : 1T > 1}
{sKO : 1}

variable {sAl sA2 sA3 : Prop}

—-—— end of preamble —-—

—-—— start of inferences —-

-— step 21 ennf transformation

theorem inf_ s21
(v vO : 1, ((hates A v0) - (7 (hates C v0)))) -
(Vv vO : v, ( (7(hates C v0)) v (7 (hates A v0)))) := by
—-— proof —-—

—-— further inferences —-—

theorem inf s95 : (sAl v sA2 v sA3) - (7sA2) - (7sA3) - (7sAl)
- False := by
—-— proof -—-
—-— end of inferences —-—
—-— start of final theorem —-
theorem fullProof : ... - (killed A A) := by
intros stepl stepb step6 step7 step8 step9 steplO stepll stepl2 stepl3
apply Classical.byContradiction; intro stepl5
—— inferences —-
—— step28 skolemisation
exists_prenex at stepl2
let (sK1,step28') := stepl2
have step28 : (Vv v0O : i, (7 ((hates) v0O ((sK1l) vO0)))) :=
by symm_match using step28'
—-— cnf transformation —--
—— stepb55 avatar definition

let sAl := A=sKO

have step55 : (sAl < (A=sK0)) := Iff.rfl

have step57 := inf_s57 stepb55

—— more steps —-—

have step95 := inf_ s95 stepb66 step78 step88 step94

exact step95
-— end of final theorem —-—

Listing 3.3: Simplified and shortened LEAN code for the entire proof of the Dreadbury
Mansion Puzzle.



3.5. Preprocessing

3.5 Preprocessing

Converting input formulas to CNF (which is represented by a set of clauses in VAMPIRE)
is performed in several steps. Only the relevant steps for the fragment of first-order
formulas (FOF) formulas with equality, in the default configuration of VAMPIRE will be
described here. Depending on the input problem and settings, VAMPIRE may perform
additional steps.

Simplification of T and L

Flattening

(Optional) Remove unused predicate definitions
Conversion to equivalence negation normal form (ENNF)
Flattening

Predicate Naming

Conversion to NNF

Flattening

Skolemization

Conversion to CNF

11. Removal of tautologies

2
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Simplification, flattening, and conversion to ENNF, NNF and CNF can be represented
with rewriting rules, which are relatively easy to replicate in LEAN. The other steps
are either semantic transformations (removal of pure literals and unused predicate def-
initions) or introduce new symbols (predicate naming and skolemization), which can
therefore only be equisatisfiability transformations and need more care to proof in LEAN.

3.5.1 Steps Representable as Rewrite Rules

Rewrite rules can represent many of the equivalence transformations conducted by VAM-
PIRE during preprocessing. A rewrite rule /' ~» G means that F is replaced by G in a
formula. The rules are chosen such that F' and G are logically equivalent and, due to the
replacement theorem 2.1.1, the resulting formula is logically equivalent to the original
one. Depending on the order and choice where the rewrite rules are applied, the resulting
formula can be different syntactically, but it will always be logically equivalent to the
original formula. For the purpose of recreating the same formula in LEAN from the input
formula as VAMPIRE, it is important that the used rewrite rules do not only produce
a logically equivalent formula, but also syntactical equivalent. This is easily, achieved
when the rewrite rules are confluent. This means that the same result is obtained re-
gardless of the order in which the rules are applied. At least for the rewrite rules for
the conversion to NNF, the rules employed by VAMPIRE are not confluent, which means
that the order of application needs to be replicated between VAMPIRE and LEAN.

2This step normally also removes pure literals. However, proof-checking for this step was not developed
within this thesis, and an option to disable this transformation was added for this work.
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FoN L ANFoANGIA NGy) ~ BN CANE,ANGLA NGy
FLVvV..VFE,V(G1V...VGp) ~ FiV...VE,VG1V...VGp
Ve, .. s VY1, s YmF ~ Vo1, oo Ty YLy s Y E
dr1, .oy, - Y o~ A, T, Y1, - Y F
—F ~ F

Figure 3.3: Rewrite rules used by VAMPIRE for the flattening step (making use of asso-
ciativity of A and V as well as simultaneous quantification)[RV18]

—\(FlA.../\Fn) ~ Sk V...V-F,
“(FAV...VF,) ~ =FA...\NF,
Fi—>F, ~ =FVF
-—F ~ F

—\(Fl <—>F2) ~ | ® F
“(Fl®F) ~ F < F
“Vri,..., e, F  ~  dry,...,xpF
—dx1,...,xnF ~ NVay,...,z,0F
-7~ 1
-1 ~ T

Figure 3.4: Rewrite rules for conversion to ENNF[RV18|

All rules from ENNF +
Fi < Fy, ~ (F1—>F2)/\(F2—>F1);
I -~ (Fl\/FQ)/\(_‘Fl\/_\FQ).

Figure 3.5: Rewrite rules for conversion to NNF[RV18]

Non-confluence of the NNF transformation Consider the formula —(F} < Fb).
This formula can be rewritten in different ways. As an example, two strategies for
applying the rewrite rules are given here, which lead to different results.

Example: Left-outermost reduction:
—|(F1 <~ FQ) ~ F1 ®Fy ~» (F1 vV FQ) AN (—\Fl V —\Fg)
Example: Left-innermost reduction (shortened):

—\(Fl <~ Fg) ~ —|((F1 — FQ) A (FQ — Fl)) ~>
—|(F1 vV —|F2) V —\(—\F1 V Fg) ~ (—\Fl A FQ) V (F1 A —\FQ)

With the first reduction, the resulting formula is already in CNF, while the second one
is not, and is in disjunctive normal form (DNF) instead. This shows that matching the
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order in which rewrite rules are applied between VAMPIRE and LEAN is very important
to ensure that the same clauses are generated. Fortunately, the employed simp tactic
features annotations like |, that can be used to match VAMPIRE’S outermost reduction
strategy for the NNF step.

Handling Rewriting Transformations in LEAN

Simplification of T and |, Flattening, ENNF and NNF transformations are all treated
similarly in the LEAN file with a custom tactic. These tactics essentially just wrap the
core simp tactic [Lea26a] with a set of rewrite rules. These rewrite rules can be expressed
as theorems of the form F' <> G, or with definitional equality F' = G. Once such a rewrite
rule is proven in LEAN, it can be used with the simp tactic to rewrite in a formula.
Proof terms for such rewrite rules are generated using suitable congruence lemmas, and
previously proven theorems for the equivalence of the involved logical connectives.

Example: Flattening The flattening step is used as the simplest example for the
demonstration of the rewriting transformations. It uses only three rewrite rules, which
are the associativity of A and V as well as the double negation elimination. The quan-
tification rules do not need to be explicitly stated, since the embedding of FOL in LEAN
does not differentiate between the two forms. A custom tactic can be defined via a macro,
which wraps the simp tactic with the required rewrite rules as shown in Listing 3.4. The
rewrite rules are proven as theorems (already provided by LEAN Core).

syntax "flattening" "at" ident : tactic
macro_rules
| " (tactic| flattening at $a) =>
" (tactic | simp (config := {faillIfUnchanged := false}) only
[and_assoc, or_assoc, not_not] at S$a:ident)

—— excerpt from Classical.lean
theorem not_not : —77a < a := Decidable.not_not

—-— excerpt from SimpLemmas.lean
theorem and_assoc : (a A b) A c = a A (b Ac) :=
Iff.intro (fun ((ha, hb), hc) => (ha, hb, hc))
(fun (ha, hb, hc) => ((ha, hb), hc))

theorem or_assoc : (a vb) vceav (bvcec :=
Iff.intro ...

Listing 3.4: (Simplified) Tactic definition for the flattening step including used lemmas.

The application of this tactic on a concrete inference step of the running example is
shown in Listing 3.5. At first, it introduces the premise as a local symbol h in the
context. Then, the flattening tactic is applied to h, which rewrites the formula in h
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theorem inf s18 :
(Vv vO : 1, (((A=v0) v (B=v0) v (C=v0)) v (~(lives vO0)))) -~

(V vO : v, ( (A=v0) v (B=v0) v (C=v0) Vv (~(lives v0)))) := by
intro h

flattening at h<;>

exact h

—-— (Simplified) proof term constructed by simp for the theorem above
theorem inf_ s18.{u} : ... :=
fun h =>
Eg.mp
(forall congr fun v0 => Eqg.trans
(propext (Q@or_assoc (A = v0) (B = v0 v C = v0) —~lives vO0))
(congrArg
(Or (A = v0))
(propext (Qor_assoc (B = v0) (C = v0) (7lives vO0)))

Listing 3.5: Flattening tactic applied on inference step of running example.

using the rewrite rules defined in Listing 3.4. Finally, the rewritten formula is exactly
the same as the conclusion and the goal can be closed by exact h.

Below the application of the custom tactic, Listing 3.5 also shows the proof term con-
structed by simp in LEAN. It uses congruence lemmas as well as propositional exten-
sionality and transitivity of equality. For multiple rewrite steps, this proof can be very
large, as well as tedious to generate in VAMPIRE. Furthermore, VAMPIRE does not nec-
essarily need to know LEAN internals (which congruence lemmas to apply when, etc.) to
generate a checkable proof due to the split of responsibilities chosen in the architecture,
showing the benefits of the chosen architecture for proof generation.

3.5.2 Rectification

Rectification is a preprocessing step that ensures all bound variables have unique names
so that no “accidental” variable capture can occur.

Definition 3.5.1 (Rectification). A formula is rectified if all free variables of this formula
are distinct from its bound variables and each bound variable occurs in exactly one
quantifier. [RV18]

In LEAN, this would be straightforward to check, since it does not consider variable names
as relevant and just uses the positions of variables, which define the corresponding de
Bruijn indices. However, VAMPIRE does not simply rename variables, but may also
change the order of quantifiers which does not change the meaning of the formula, but
leads to a syntactic difference which needs to be handled in the proof-checking. To
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theorem inf_ s3 :
(" ((3 vO v1 : 1, (a v0O v1)) =« (3 vO vl : v, a v0 vl1))) -

(7((3 vO v1 : 1, (a vO0O vl)) < (3 v2 v3 : 1, a v3 v2))) := by
intro h
try simp only [forall const, exists_const, -iff_self, -eq_self] at h
have rO0 (P :i»>1»Prop) : (3 vO vi, P vO vl1l) « (3 vl vO, P vO vl) :=
Iff.intro (fun £ => let (v0, vl, hP) := f
Exists.intro vl (Exists.intro v0 hP))
(fun £ => let (vl1, vO, hP) := £
Exists.intro v0 (Exists.intro vl hP))
conv in (3 v2 v3 : 1, (a v3 v2)) =>
rw [r0]

symm_match using h

Listing 3.6: Demonstration of a rectification Proof in LEAN. The variables are simulta-
neously renamed and the order of quantifiers is changed.

show this proof step to be sound in LEAN, first a rewrite rule that changes the order
of quantifiers is proven, which is then used to match the order of quantifiers between
VAMPIRE and LEAN.

Example of Rectification

The running example does not contain such a rectification step, therefore another ex-
ample is taken to demonstrate the employed method. Listing 3.6 shows how the change
in order of the quantifiers is handled in LEAN. The lemma rO0 is the rewrite rule which
shows that the order of the two existential quantifiers can be changed. This example
is only using two quantifiers, but the proof also generalizes to permutations of many
quantifiers. Using the conv tactic, the position in the goal formula where the rewrite
rule needs to be applied is targeted, which may be nested deep inside a formula. To
ensure the correct position is targeted, the goal formula is rewritten which guarantees
uniqueness of the rewritten vaiables due to the previously applied rectification step. The
rewrite rule is applied using rw, matching the goal to the premise of the rectification
step. Finally, the symm_match tactic is used to match the order of equalities between
inferences, which may be changed by VAMPIRE due to the symmetry of equality. This
works for both V and 3 quantifiers, which need slightly different proofs for rewrite rules,
but the same overall subproof structure is used for both cases.

3.5.3 CNF Transformation
Transformation from NNF to CNF is the last step in the preprocessing phase, which

transforms the formula into a set of clauses, which is the input to the saturation loop.

This transformation is also based on two rewrite rules that distribute V over A:

(ZHVA Eb) V F3  ~ (lﬁ,v EE) A (PE V P%)
Fi v (Fb A‘FB) ~ (Iﬁ,v E&) A (FE V PB)
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Internally, VAMPIRE does not directly apply these rewrite rules, but instead collects all
the required literals and then constructs the resulting clause. Furthermore, the internal
representation in VAMPIRE of the formula is changed from a single formula to a set of
clauses.

26. lives (sKO0) & killed(sKO,A) [skolemisation 1,25]

29. killed(sK0,A) [cnf transformation 26]
30. lives (sKO) [cnf transformation 26]

Listing 3.7: Part of the running example proof CNF transformation step.

The proof in VAMPIRE has an individual step for each clause added to the set of clauses,
which can be seen from a fraction of the running example in Listing 3.7. The translation
to LEAN could be treated with individual theorems for each generated clause; however,
this would lead to performance problems for large formulas, since the same rewrite steps
need to be repeated for each generated clause. Instead, this transformation is treated
only in the last section of the proof, where the rewriting is done once and the resulting
clauses are named only locally. A section of the generated LEAN file containing the CNF
transformation for the running example is shown in Listing 3.8.

——from skolemization step 26
have step26 : (lives sKO0) A (killed sKO A)
—-—cnf transformation
have step26' := by
prenexify at step26
cnfify at step26
exact step26

let (s26c0, s26¢cl) := step26'’
ac_nf0 at s26c0 s26¢cl
have step29 : (killed sKO A) := by
try simp only
ac_nf0
assumption
have step30 : (lives sKO0) := by
try simp only
ac_nf0
assumption

Listing 3.8: Partial LEAN output that corresponds to the CNF transformation for the
running example.

Here, there is a challenge because the generated clauses in LEAN may not have the same
order as the generated clauses in VAMPIRE. To resolve this, the clauses are brought into
a normal form by sorting the literals® in each clause, after which they can be simply
searched for by using the assumption tactic.

3The term order is defined internally in LEAN.
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All clauses in a VAMPIRE proof are implicitly universally quantified, which is not the
case for LEAN which always needs explicit quantification. To resolve this mismatch, the
formula which needs to be transformed to CNF is first brought to prenex normal form,
and then brought to CNF moving the V quantifiers in front of each individual clause.
This way, each clause is explicitly quantified in the same way that VAMPIRE treats them
implicitly. The quantifiers are moved in front of clauses by rewrite rules, which are
applied by the cnfify tactic after applying the distribution rules over the prenexed
formula:

Vx.(C A D[x]) ~ C AVx.Dl[z]

Vo.(Clz] AD) ~  Vx.Clz] N D

Vz.(Clz]) AD[z]) ~ Va.Clz] AVz.D[z]

Finally, depending on the order in which prenexification happens, the order of quanti-
fied variables may change, which is handled when necessary with the same method as
described in Section 3.5.6.

3.5.4 Preprocessing Steps that Introduce new Symbols

Predicate definition introduction and skolemization are preprocessing steps that create
new symbols. They do not have an individual theorem in the second section of the
generated LEAN file, but are included in the last section of the output. VAMPIRE uses
predicate definition introduction as a step in preprocessing to avoid exponential blowup.
It is related to Tseitin transformation, but instead of giving each immediate subformula
a new name, only “large” subformulas are named.

Skolemization also introduces new symbols, however for a different reason. It is a tech-
nique to remove existential quantifiers from a formula, by replacing the existentially
quantified variable by a fresh Skolem function. This is possible due to the aziom of
choice, which is implicitly assumed in VAMPIRE and a fundamental axiom of LEAN.

3.5.5 Predicate Definition

Predicate naming is treated in the third section of the generated LEAN file, the full proof
theorem. A new predicate symbol is introduced for a subformula, as well as a clause
which defines the new predicate symbol as being equivalent to the subformula. This
new clause, introduced by VAMPIRE, may use only one direction (depending on polarity)
of the equivalence, which is sufficient for the proof search. However, this needs to be
handled properly in the translation to LEAN. An example of the code generated for a
predicate definition introduction step is shown in Listing 3.9. At first, the new predicate
symbol p is defined using the let keyword. Then, the clause which is introduced by
VAMPIRE is derived from this definition. The tactic tries to match the direction of
implication of the introduced clause in LEAN by simply trying all three possibilities in
order, until it finds the correct one.
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—— step48 predicate definition introduction

let p vO := (3 vl, (R vl A =gt v0O v1)) A (F v2, U v2 A ~gt v0 v2)
have step48 : V vO,
(F v1, (R vl A gt vO v1)) A (3 v2, U v2 A gt v0O v2) v p v0 := by

intros vO
have s : (3 vl, (R vl A gt v0O vl1l)) A (3 v2, U v2 A gt v0 v2) < p v0 :=
— Iff.rfl

(first
| exact s
| exact or_comm.mp (imp_iff not_or.mp s.mpr)
| have res := (or_comm.mp (imp_iff not_or.mp s.mpr));

simp only[or_assoc] at res; trivial
| exact imp_iff not_or.mp s.mp)

Listing 3.9: Simplified LEAN snippet for predicate naming.

3.5.6 Skolemization

To treat existential quantification in formulas, VAMPIRE uses the technique of skolem-
ization. A quantified variable can be replaced by a fresh function that depends on the
outer quantified variables. It only applies to formulas in NNF, which means that compli-
cations arising from negated quantifiers do not need to be treated, since negations only
occur in front of atoms.

There are several methods to perform skolemization, each of which can lead to different
results. For example, quantifiers can be “mini-scoped” or “maxi-scoped” which changes
the position of quantifiers in the formula to be as far inside subterms or outside as
possible before checking which variables are used for the Skolem function [RSV16].

VAMPIRE’s default skolemization works by applying the following transformations to the
original formula [RSV16]:

vx'(p[yla"wynvx] ~* @[?Jla---vymﬂ?]
Elx.Lp[yl,...,yn,:c] ~ (P[yla---7yn7f(y17---7yn)]

All variables not bound by a quantifier are implicitly universally quantified. The 3-
quantified variable is changed to a function that depends on all variables occurring
within the subformula where the rewrite happens.

This method of skolemization was found to be hard to check for soundness in LEAN,
and was therefore modified. This is a new method, which is typically called structural
skolemization.

Structural skolemization uses the following rule:

VY1, yn (CoFaplyr, .. yk,xl 0o D) = Colyr,... yk, fy1,. .- yn)] o D

where C' and D are arbitrary (possibly empty) subformulas and o is any binary connective.
The introduced function f is dependent on all variables bound by universal quantifiers
in the subterm it occurs in.
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This is different from the previous method because the used Skolem function is now
dependent on all bound variables instead of only those occurring in the subformula. In
Chapter 4, experiments will show that this skolemization approach does not deteriorate
proof search in experiments. Nevertheless, this approach is easier to automatically check
in LEAN, which is discussed next.

Checking structural Skolemization in LEAN

The method for showing the soundness of skolemization makes use of transforming a
formula into existential prenex normal form. It is similar to standard prenex normal
form (Definition 2.1.17), however only existential quantifiers occur in the prefix, and
universal quantifiers may occur in the body. This means, to transform a formula to
existential prenex normal form, all V quantifiers are left at the original position in the
formula, but 3 are moved outwards in front of the formula.

In standard first-order logic, this is typically impossible without changing the meaning
of the formula since the following transformation is not sound:

Vr.Jy.P(x,y) # Jy.Ve.P(z,y)

However, using higher-order quantification (allowing to quantify over function symbols),
a sound rule can be formulated in dependent type theory?:

M(z:a),Iy:bx),Plx,y)) <> 3f: (x:a—bz),¥(zx: a), Pz, f(x))) skolem rewrite

This means that it is possible to shift an 3 quantifier to the left of a V quantifier by
existentially quantifying over a fresh function f, which depends on the variable x, that
is bound by the V quantifier. When prenexing like this, the resulting functions have
exactly the same dependencies as the Skolem functions introduced by the structural
skolemization method, which is why this method was implemented in VAMPIRE.

Treating binary connectives Just being able to move 3 before V is not sufficient to
show skolemization in LEAN, and additional rewrite rules are required to move the exis-
tential quantifier outwards of binary connectives. Skolemization is applied to formulas
in NNF, which means that only A and V need to be treated. The following rewrite rules
are used:

(Fz.Clz]) oD ~ 3Jx.(Clz]o D) left rewrite

Do3x.Clxz] ~ FJz.(DoC[z]) right rewrite
where C[z] and D are subformulas where x does not occur free in D, and o € {A,V}

These rewrite rules are not confluent, which means that the order of application needs
to be replicated between VAMPIRE and LEAN.

4Notice, that b z is typically just of the generic inhabited type of ¢ or a function of multiple arguments
resulting in ¢. The theorem is stated in the general form implemented in LEAN, where b may depend on =
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Due to early design choices, a specialized rewriting procedure was implemented for this
skolemization method, to match the order between VAMPIRE and LEAN which is detailed
in the next section.

Once the formula is brought into existential prenex normal form, the existential quanti-
fiers can be replaced by appropriate Skolem constants and functions due to the axiom
of choice, which is a fundamental axiom of LEAN. The axiom of choice provides an
arbitrary element of a non-empty type, which is exactly what our Skolem function is.

Transforming into Prenex Normal Form

The prenex normal form transformation is used as a requisite for the proof of several
preprocessing inferences such as skolemization and NNF to CNF transformation. It is
important to know the order of variables in the prenex normal form, which is determined
by the order of application of the rewrite rules shown in the example below:

(x.Clz] V Jy.D[y]) ~ Fz.(Clz]V Jy.D]y]) ~ Iz y.(Clz] V D[y]) (left-right)
(3z.Clz] vV Jy.Dly]) ~ Fy.(3z.Clz] Vv D[y]) ~ Ty z.(C[z] V D[y]) (right-left)

Please note that this is a special case. Since this rule does not correspond to an individual
VAMPIRE inference rule (but is a building block for proving inference rules), the order of
application of the rewrite rules is not determined by VAMPIRE, but can be chosen freely.

The design choice was to first simplify with only left rewrite rules and then right rewrite
rules, both steps also including the Skolem rewrite rule. This procedure is repeated until
neither the left nor the right rules can be applied further. The code in LEAN for this
procedure is shown in Listing 3.10. The code which replicates this behavior in VAMPIRE
is not shown here, but it uses a simplified representation of the formula as a tree that
branches on the binary connectives.
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syntax "exists_prenex" (" at " ident)? : tactic

macro_rules

" (tactic| exists_prenex) => ° (tactic| repeat (first |
simp only [or_exists_prenex_1, and_exists_prenex_1, Classical.skolem] |
simp only [or_exists_prenex, and_exists_prenex, Classical.skolem]))

" (tactic| exists_prenex at $a:ident) => ° (tactic | repeat (first |
simp only [or_exists_prenex_1, and_exists_prenex_1, Classical.skolem] at
— Sa:ident |
simp only [or_exists_prenex, and_exists_prenex, Classical.skolem] at
— Sa:ident))

theorem and_forall prenex (v : Type u) [ht : Nonempty 1]
(A : Prop) (B : 1 - Prop)
(A A (VVO : v, BV0O)) ¢« (VVv0D : 1, (A A BV0)) := by
constructor
intro h vO
have a := h.left
have b := h.right vO0
exact And.intro a b
intro h
constructor
have a := h (Classical.choice hu)
exact a.left
intro vO0
exact (h v0).right

Listing 3.10: Tactic definition for prenex normal form transformation and example of
the proof and definition of a rewrite rule used in this transformation.

Running Example: Skolemization

Skolemization is applied twice in the running problem’s proof. The corresponding LEAN
code that is used to show soundness of the skolemization procedure is shown in List-
ing 3.11 for one of the inferences of the running example. The first line applies the
prenex normal form transformation to the formula in the premise of step 12, which is
the formula before skolemization. The second line uses the result of the first line to
introduce a new symbol sK1 for the Skolem function as well as the skolemized function
step28"'.

Finally, the last line ensures that the skolemized formula is exactly the same as the
conclusion of step 28 as derived by VAMPIRE, by using the symm_mat ch tactic, which is
a custom tactic that corrects for syntactic differences for the symmetry of the equivalence
relation which is often used by VAMPIRE in this step.

The syntax let (sK1,step28') := stepl?2 is syntactic sugar for the usage of two
theorems: choose {a : Sort u} {p : a - Prop} (h : 3 x, p x) : aand
choose_spec {a : Sort u} {p : a » Prop} (h : 3 x, p x) : p (choose h)

The first allows to introduce a new symbol sK1 for the Skolem function, while the second
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—— step28 skolemization

exists_prenex at stepl2

let (sK1,step28') := stepl2

have step28 : (V vO : i, (7 (hates v0O (sK1 v0)))) := by
symm_match using step28'

Listing 3.11: Skolemization of the running example inference step 28. This block is in
the final block in the generated LEAN file as it defines a new symbol.

one returns the skolemized formula. This syntax can be generalized for multiple Skolem
functions as well, which is required when multiple existential quantifiers are prenexed
together.

3.5.7 Summary

Most preprocessing steps are sufficiently captured by rewrite rules. Since VAMPIRE does
not keep the direction of equalities and treats V and A as associative and commutative,
and may change the order of them without additional inference steps, special care needs
to be taken to replicate these inferences in LEAN.

Inferences that introduce new symbols, as well as the final CNF transformation, are
treated only in the last section of the generated LEAN file. A table indicating where each
rule occurs is given in Table 3.1.

Inference Section Full Proof Section
Simplification of T and L Predicate naming
Rectification Skolemization
Flattening CNF transformation
ENNF transformation
NNF transformation

Table 3.1: Summary of preprocessing inferences and where they are reconstructed in the
generated LEAN proof output.

3.6 Saturation Loop Inferences

A large part of the proof output of VAMPIRE consists of the steps of the superposition
calculus, which are the inference rules introduced in Figure 2.1. Previous approaches to
proof-checking of VAMPIRE proofs have focused on checking only these inference rules
[Raw+25; KRS25].

The approach taken in Ground Truth [Raw+25] passes grounded inference steps to an
SMT-solver to check the validity of each inference step. This grounding is performed
by substituting the variables of the inference steps by the unifier found by VAMPIRE in
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the premises and conclusions. This approach is limited to checking only the grounded
inference steps, which is not what VAMPIRE actually derives during proof search. How-
ever, it has the large benefit that it is relatively easy to implement and also has access
to theory reasoning capabilities of the SMT-solver. While this approach does not satisfy
the goal of this thesis, the idea of passing ground instances to another prover can be
translated to the approach in this thesis because LEAN has a powerful proof automation
procedure grind [Lea26b]. It is not as fast as a state-of-the-art SMT-solver, but it is
native to dependent type theory and produces verifiable proofs in LEAN. The main idea
is therefore to instantiate the inference rules with the unifier found by VAMPIRE and
then passing the result to grind within a theorem in LEAN.5

3.6.1 Proof Replay

All superposition inference rules presented in Section 2.2.2 make use of a unifier ¢ which
is an essential part of the inference step. However, the unifier is not stored during proof
search, since this would amount to a significant amount of data to be stored for each
inference, slowing down proof search as well as increasing memory usage. When doing
this recording a straightforward way, for each variable in the clause the substituted
term needs to be stored. To avoid this linear overhead in the amount of variables, the
two previous approaches [Raw-+25; KRS25], only a maximum of two information with
constant size requirements are stored per inference, sufficient to reconstruct the unifier.
However, this approach was found to be impractical, as it required reproducing fragile
implementation details to reconstruct the unifier. To solve this problem in another way,
“proof replay” was introduced in this work to reconstruct the missing information, mostly
in the form of a unifier.

The idea is simple: take the premises of the inference step and apply the same inference
rule that occurs in the proof while recording all required additional information. How-
ever, this is not quite as simple as the inference rules can give slightly different results
when rerun, mostly because VAMPIRE does treat V as associative and commutative (A
implicitly), as well as equality as symmetric and therefore “unordered”, which can lead
to a different order of literals and different directions of equality. Additionally, it is
important to keep the selection function the same during proof replay as it was in proof
search. The selection function determines which literals may be selected for inferences,
and a different selection function would lead to different clauses and would restrict infer-
ences to a different set of possible inferences. Furthermore, from two clauses, there may
be multiple ways to apply the same inference rule. This means that multiple different
clauses may be generated, and the one that was used in the original proof needs to be
identified. Finally, in some inference steps, variables are renamed or normalized, which
needs special care to ensure that the correct un-normalized unifier, is recorded.

®Note that this approach is not the same as checking only the grounded inference step like in [Raw-+25],
because the variables are still universally quantified for the proven theorem. One could think of the variables
being introduced arbitrarily, but fixed.
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High-level pseudocode of the proof replay is given in Algorithm 3.1. The necessary
modifications to the inference rules are presented in Algorithm 3.2.

Algorithm 3.1: A high-level pseudocode of the proof replay implemented in
VAMPIRE.
Data: Problem p
1 initVampire(p)
2 recordedOrdering := ordering
proof := proofSearch()
//Proof output starts here

w

4 setupReplayEnvironment(recordedOrdering)
5 outputPreamble()
6 for s € proof do
7 if needsReplay(s) then
//hooked inference rule recording in recorderInstance
8 Inferences := runInferenceRule(s)
9 for c € Inferences do
10 if o — equivalent(c,s) then
11 recordings := getRecorderInstance().recordings
12 map := extractRenaming(recordings|c], s)
13 u := extractUnifier(recordings|c])
14 printProofStep(s, map, u)
15 break
16 end
17 end
18 else
19 ‘ printProofStep(s)
20 end
21 end

22 finalizeProof()

Resolving a-Equivalence, Associativity and Commutativity

When replaying an inference step, the generated clause may not be exactly the same
as the clause in the original proof, but may differ in the order of literals, the direction
of equalities and variables might be renamed. Therefore, it is not trivial to determine
whether the generated clause corresponds to the inference step in the original proof.
To resolve this, the generated clause is checked for a-equivalence to the original clause,
which means that they are the same up to renaming of variables. The implementation
uses existing VAMPIRE code for checking multi-literal variants of clauses, MLVariant.
This code treats V using set semantics, so the order of literals does not matter as well as
the direction of equalities. If the generated clauses match and the variables are renamed
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Algorithm 3.2: Inference recording hook

1 Function runlnferenceRule(premises):

2

3 Specific inference logic (unifier is generated here)
4

5 generatedClause := result

//Hook here

6 if env.reconstruction then

7 recorder := getRecorderInstance()

8 recorder.recordClause(generatedClause, premises, unifier)
9 end

10
11 end

between them, also the substitution pgq.rec can be obtained, which matches the permuted
variables of the generated (recorded) clause to the original clause.

To obtain the unifier for the complete inference step o, the recorded inference step oyec
is combined with the renaming pgq.rec s a composition ¢ = poigrecOrec. NOte, that no
inverse renaming is required, since oy always maps variables to terms of the original
input clauses and only the variable names of the newly generated clause may differ,
which is handled by the renaming pojq-rec-

Replay Overhead In contrast to earlier approaches [Raw+25; KRS25], which record
additional reconstruction data already during saturation, this approach avoids adding
bookkeeping to the saturation loop.

In the newly contributed design, replay is executed only for steps occurring in proof
output, i.e., after proof search has finished and only for steps that require reconstruc-
tion. This shifts overhead away from the critical path of clause generation and selection.
Consequently, slowdowns during proof search are not expected; some overhead in proof
output generation is expected, but since each rule has been applied once already dur-
ing proof search, the time this takes is manageable. Quantitative measurements of this
overhead are reported in Chapter 4.

3.6.2 Example Inference

To illustrate the reconstruction of an inference step, we take a resolution rule occurring
in the running example. On step 70 of the proof in Listing 3.2, VAMPIRE performs
resolution:
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theorem inf_ s70 :
(v vO : 1, —7(killed vO A) v (hates B v0)) -
(killed sKO0 A) -

(hates B sK0) := by
intros hO hl

have i0 := h0O sKO
have il := hil

grind only [cases Or]

Listing 3.12: LEAN code corresponding to the inference rule of step 70 of the running
example.

Yz, —killed(z, A) V hates(A, z) killed(sKo, A)

res
hates(A, sKp)

The resolved upon literals are —killed(x, A) and killed(sKy, A), which unify with the
mgu o = {z — sKp}.

When generating the LEAN proof output, the unifier is not known because it is not saved
during proof search. To reconstruct the unifier, the same two clauses are taken and the
VAMPIRE resolution rule is applied to them again. This time, with an environment
that hooks the inference rule to record the unifier as described in Algorithm 3.1 and
Section 3.6.1. This unifier can then be used to generate the LEAN proof shown in
Listing 3.12.

Reading this listing from top to bottom, the theorem statement starts with the name
inf_s70. It is defined to have two premises, which are the two clauses used for reso-
lution, and the conclusion. From a dependent type theory perspective, this means that
inf_s70 is of the type of a function that takes two arguments, which are proofs of the
two premises, and returns a proof of the conclusion. To show that the type of inf_s70
is inhabited (i.e., the theorem is valid), we construct a suitable proof term using LEAN
tactics, which is marked by the by keyword.

The first tactic that is used is intros hO h1, which takes the assumptions of the
theorem and introduces them as local variables in the proof context. Hence, the premises
have now the names h0 and h1 in the proof context.

The next two lines use the have tactic, which allows one to instantiate the quantifiers
in the premises. For this step, the recorded unifier 0 = {x + sKy} is required, which
can be seen in the have 10 := h0 sKO line. This line instantiates the quantifier with
sKy and names the resulting formula 10. The next line does the same for the second
premise, but since it is already ground, no instantiation is required.

Finally, the grind tactic is used to generate a proof term for the resolution conclusion.
As already mentioned grind is a proof automation tactic, that is based on a combination
of proof search techniques - similar in capabilities to an SMT-solver. It is not suitable
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for generating complicated unification steps, but the now instantiated terms, which are
ground, can be handled by grind.

In this example, it might not be clear why one would need to use a proof automation
tactic like grind instead of applying a suitable resolution theorem directly. However,
when more complicated clauses are involved, VAMPIRE does not necessarily keep the
order of literals in the clauses, requiring the proof to use suitable applications of as-
sociativity and commutativity of V. Furthermore, the direction of equalities may also
be changed, which can make it difficult to apply a suitable resolution theorem directly.
grind is able to handle these complications, which is why it is used for generating the
proof term for the conclusion of the inference step. Similar problems were encountered
on translating cvch (an SMT-solver) proofs to LEAN [CBA26].

3.6.3 Design Choices for Superposition Inference Rules

Usage of grind The approach of calling grind to generate the proof term is con-
venient because it allows to handle the complications mentioned above. For sufficiently
simple inference steps, it might even be powerful enough to prove the conclusion without
needing correct unification. If, for some reason, VAMPIRE then produces a wrong unifier
which somehow still leads to a valid inference step, the current approach would not be
able to detect this. In a sense this does not matter, because the generated proof is
still correct (if the rest of the proof is correct), but from the perspective of a VAMPIRE
developer, it would be important to catch such a bug.

Selection Function Furthermore, the calculus only allows certain applications of the
inference rules, depending on the selection function. This approach does not consider
any of these restrictions, which could also be important information for developers. Fur-
thermore, if saturated inferences should be checked at some point in the future, that
would necessarily require reasoning over the selection function.

Formulation of the Inference Rule as a Theorem One could include each in-
ference rule as a lemma using have lemma_x := by in one big proof. This could
potentially reduce repetition of the same formulas in the theorem statements. The cur-
rent approach repeats each clause at least twice, once as a conclusion and once as a
premise. Nevertheless, the current approach was still deemed beneficial for readability
and maintainability of the generated proof, as well as for avoiding performance prob-
lems encountered with large contexts in one big proof. Furthermore, splitting the proof
into multiple files containing multiple theorems can also enable easier parallelizability of
proof checking, which may be important for larger proofs.

3.7 AVATAR Inferences

VAMPIRE’s AVATAR reasoning combines the saturation loop with a propositional SAT
solver. It is one reason for the performance of VAMPIRE, but it also introduces addi-

45



3. VAMPIRE TO LEAN PROOF TRANSLATION

46

theorem inf_s77 : (sA2-((A=B))) - 7 (A=B) -~
(sA2~»False) := by
intros hO hl x2
have i0 := h0 x2
have il := hl
grind only [cases Or]

Listing 3.13: Handling of A-clauses in the proof output. This is the inference step of step
77 of the running example, which is an inference on a regular clause and an A-Clause.

tional inference rules that need to be checked. Fortunately, LEAN provides the tactic
bv_decide, which can be used to check SAT inferences. Additional inferences used
can be translated by similar methods to previously discussed transformations, such as
predicate definition introduction as well as other rewrite rules. In this section, inference
rules as well as modifications to the previously established inference steps are discussed
that are required to check AVATAR inferences. To make the discussion more concrete,
the running example is used, which contains all AVATAR inferences.

3.7.1 Definition Introduction

When a clause is split as described in Section 2.4, a new symbol needs to be introduced
representing the propositional variable. This is very similar to the predicate definition
introduction, and even simpler since the bi-equivalence is always used. The new symbol
is defined using the 1et keyword, and the clause introduced by VAMPIRE is derived from
this definition which can be seen in Listing 3.3.

3.7.2 A-Clauses in Inference Rules

To handle A-clauses in the proof output, every (saturation loop) inference rule must
be able to handle A-clauses as well as normal clauses. The AVATAR assertions are
included as assumptions in each premise and conclusion of the inference rule, which is
naturally represented using the — connective. When instantiating the premises and
goal variables, the AVATAR assertions of the goal also need to be instantiated, as seen
in the first line of the LEAN code in Listing 3.13. The variable x2 corresponds to the
assumption sA2. When instantiating the premises with the found unifiers, the AVATAR
assertions are applied first, then the variables are instantiated, which properly handles
the assertions. In the given example, no variables need to be instantiated, and x2 is
used for the assertion of the first premise.

3.7.3 Contradiction and Component Clauses

Contradiction and component clauses provide the interface between the propositional
reasoning of the AVATAR solver and the first-order reasoning of the saturation loop.
These two inferences are mostly a technicality and have occurred in similar forms in
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AVATAR Inferences

—-— step 61 avatar component clause
theorem inf s61 : (sA2 < C=sK0) -
(sA2~ (C=sK0)) := by
intro h component
have new := h.mp component
(first | trivial | ac_nf at new + | grind [cases Or])

—-— step 78 avatar contradiction clause
theorem inf s78 : (sA2-False) -
TsA2 := by
intro h
try simp only [imp_false, imp_iff not_or, not_not] at h
exact h

Listing 3.14: AVATAR component and contradiction clause inferences from the running

example.

previous inference rules: predicate definition introduction and false simplification. The
component clause shown in Listing 3.14 takes the bi-implication from the definition to
an implication, sufficient for proof search. The AVATAR contradiction clause displayed
in Listing 3.14 transforms the refutation found in the superposition calculus to a new

SAT proposition, which is the negated assertion.

3.7.4 Splitting

theorem inf s66 : ((B=sK0) v (C=sK0) v (A=sK0)) -
(sA3 < B=sK0) -
(sA2 < C=sKO0) -
(sAl < A=sKO0) -
(sAl v sA2 v sA3) := by
intros hO hl h2 h3
try rwlhl]
try rwl[h2]
try rwl[h3]
try simp only [imp_1iff not_or] at hO
prenexify
prenexify at hoO
intros
have newForm := hO
simp only [not_and_or, not_not, eqg_comm] at newForm
simp only [eg_comm]
ac_nf at newForm + <;>
grind only [cases Or]

Listing 3.15: Simplified LEAN output for splitting a clause into variable disjoint parts

used in AVATAR for SAT solving.

The translation of splitting a clause into variable disjoint parts is essentially a repeated
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application of rewrite rules that use the equivalences between formulas with the new
symbols for original formulas. Recovering the employed splitting is essential for this step,
which is currently not recorded during proof search, but is recovered during proof output
generation. The code for a split rule in the running example is shown in Listing 3.15.
At first, all the hypotheses are introduced, where the first one, h0, is the clause that is
split, and h1 to h3 are the symbol definitions made in previous steps. Using the symbol
definitions, the (propositional) goal is rewritten to match h0 using the rw tactic. For
this inference, this would (almost) be sufficient, but to match every possible inference
VAMPIRE makes, several steps are taken to transform the formula to the correct form.
At first, the formula is normalized and transformed to prenex normal form. After that,
the order of the variables is matched between the original and generated formula by the
intros and have pair. In the example, no variables are introduced but generally this is
required. Special care to match the order of quantifiers between original and generated
formula is handled analogously to the CNF transformation. Finally, the formula is
normalized again, which typically concludes the proof of this inference. If this is not
sufficient, grind is called as a backup, which can handle further ordering differences of
equalities.

3.7.5 AVATAR Refutation

The final step that concludes an AVATAR proof is to show that the constructed SAT for-
mula is unsatisfiable. Internally, VAMPIRE uses the SAT solver CADICAL [Bie+24] ¢ for
this step, which can produce a proof of unsatisfiability in the DRAT format. VAMPIRE
has access to this proof and can emit it. In a previous approach to checking VAMPIRE
proofs [KRS25], the SAT proof was also translated in detail to be checked by the ITP.
However, in this work, it was decided to not translate the SAT proof, which may po-
tentially be large, but instead to use the bv_decide tactic in LEAN, which can decide
the satisfiability of propositional formulas. It reruns a SAT solver internally, and then
checks this (newly found) proof. This is not only convenient, but may also be faster
than translating the proof, since LEAN does not check the proof in the kernel, but in-
stead trusts a verified DRAT proof checker implemented in LEAN [Bév+25]. The tactic
bv_decide is designed for bitvector reasoning, but can also be used for Boolean formu-
las. However, all variables that were used so far in the proof are of type Prop, which is
the type of propositions, different from the Type Boo1l, that is higher in the type hierar-
chy. Nevertheless, using an additional assumption that the propositional variables are
in the decidable type class, we can transform the propositional formula to Boolean
variables using rewrite rules.

The code for the AVATAR refutation of the running example is shown in Listing 3.16.
The first theorem inf_s95' is the refutation of the propositional formula using the
Bool type, which is proven using the bv_decide tactic. To make the result usable

This is not completely true, as z3 (SMT solver) may also be instead of CADICAL. Since this thesis
focuses on checking only the first-order with equality fragment without theories, relying on a SAT solver is
sufficient.
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3.7. AVATAR Inferences

theorem inf s95' (sAl' sA2' sA3' : Bool)
(sAl' || sA2' || sA3') - (!sA2') - (!sA3') - (!sAl') - False := by
intro h

bv_decide

theorem inf s95 : (sAl v sA2 v sA3) - (7sA2) - (7sA3) - (7sAl) - False := by
classical
have satProof := inf s95' (decide sAl) (decide sA2) (decide sA3)

rewrite_decide_eqg [sAl sA2 sA3]
sat_norm
exact satProof

Listing 3.16: AVATAR refutation of the running example. The first theorem inf_s95"
is the refutation of the propositional formula using the Bool type, while the second
theorem inf_s95 uses the Prop type.

with the rest of the proof, the second theorem inf_s95 transforms inf_s95' to a
theorem using the Prop type, which is the type of propositions used in the rest of the
proof. This is achieved by transforming the goal to the same form as inf_s95' using
rewrite rules. Notice the use of the tactic classical in the proof of inf_s95, which

allows to use that all propositions are decidable, which is required for this transformation.

3.7.6 Summary

Including AVATAR inferences is necessary to check the full proof output of VAMPIRE. It
requires additional treatment of the assertions of the A-clauses in general inference rules,
which can be treated in a natural way. Existing LEAN automation enables checking the
AVATAR refutation without the need to also translate the SAT proof. Splitting needs
the most recovery work within VAMPIRE and LEAN.

49






CHAPTER

Experiment and Results

In this chapter, our VAMPIRE to LEAN proof translation method developed in this thesis
is evaluated. At first, the two modifications to VAMPIRE preprocessing (skolemization,
pure predicate removal) that were required to check the full proof output are evaluated
with respect to their impact on proof search performance. Then, the proof replay method
for reconstructing the unifier of inference steps is evaluated.

After that, the time that is required to check generated LEAN proofs is evaluated, and
the results are compared with two other methods invoking the ATP DUPER.

4.1 Experimental Setup

All experiments used benchmarks from version 9.2.1 of the TPTP library [Sut24]. To
run benchmarks, the tool BENCHEXEC [Beyl6] was used, with a custom configuration
for VAMPIRE and LEAN. All experiments were conducted on a server with two AMD
Epyc 7502 2.5GHz processors and 1TB RAM. The time and memory limits were dif-
ferent between experiments and are specified in the respective sections. The version of
VAMPIRE used for all experiments is based on version 5.0.1. The evaluated Git commit
of VAMPIRE is: e001d3e’. The used version of LEAN is v4.29.0 with the corresponding
version of the required library VampLean v4.29.0. LEAN was run with default options,
except for an increased thread stack size of 64MiB (-s 655536), which was required
for some of the larger proofs. It includes a dependency on the mathlib library, which
has version v4.29.0 as well. Finally, for all steps that used DUPER, the version v4.29.0
was used.

The benchmark set for the evaluation of VAMPIRE proof generation consists of all prob-
lems from the TPTP library which are in CNF and FOF format. In total, there are 17603

16001d3e6021cab23a4f49eaacd9b2dca’s9e284b4
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problem instances, 9259 of which are in FOF format and 8344 in CNF format. These
problems include both satisfiable and unsatisfiable problems. The problems which are
reported as refuted (and hence have a proof output), are passed to LEAN for proof
checking.

4.2 FEvaluation of Proof Inference Modifications

VAMPIRE was configured to use the Discount saturation loop, with otherwise default
settings. A limit of 100-giga-instructions was used to limit proof search, which roughly
corresponds to a time limit of 20-40 seconds on the used hardware. Furthermore, each
process was limited to one core and 16GB of RAM.

To make sure that the modifications to preprocessing do not have vastly detrimental
effect on proof search performance, the modified version of VAMPIRE is compared to the
unmodified version on the same benchmark set.

4.2.1 Pure Predicate Removal

The pure predicate removal is a preprocessing step that removes predicates that only
occur with one polarity in the input problem. This is a hard step to check in LEAN, since
it requires semantic reasoning about the input problem. To avoid this complication, an
option —ppr was added to VAMPIRE to disable this preprocessing step.
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Figure 4.1: Cactus plot (a) and scatter plot (b) comparing the runtimes of refuted and
satisfiable problems between baseline VAMPIRE and with the option —ppr off that
disables pure predicate removal. The table shows the total number of solved problems
for each fragment and the total.
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The difference in runtime is shown in Figure 4.1. Both plots show that the baseline
version of VAMPIRE with pure predicate removal is slower for “easy” problems which most
likely is due to an unoptimized implementation overhead of the pure predicate removal as
well as slightly longer search times due to the additional predicate. For harder problems
(that take longer to solve), the time between the two versions is quite similar. The
scatter plot shows that some problems are solved faster with pure predicate removal,
while others are solved faster without it. The table shows that the total number of
solved problems is almost the same for the chosen instruction limit. It can be concluded,
that disabling pure predicate removal does not significantly affect the performance of
VAMPIRE, and hence it is a good choice to disable it for the sake of proof checking.

4.2.2 New Skolemization Method

As already stated in Section 3.5.6, the default skolemization method of VAMPIRE is hard
for proof checking using LEAN and was replaced by a new method, more suitable for proof
checking. As shown in the Table in Figure 4.2, the new skolemization method actually
solves 41 more problems than the old one, which could potentially be explained by
restricting the search space of viable unifications. However, this was not investigated in
detail, and the complicated interactions during proof search make it difficult to determine
an exact reason for this improvement.
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CNF 4681 4681 0
FOF 4668 4709 41
Total 9349 9390 41

Figure 4.2: Cactus plot (a) and scatter plot (b) comparing the runtimes of refuted and
satisfiable problems between baseline VAMPIRE and with the option ——skolemization
syntactic that changes the skolemization method. Points where only one of the two
versions solved the problem within the timeout are included, but points where neither
version solved the problem are not included. The table shows the total number of solved
problems for each fragment and the total.
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It is also clearly visible that this modification does not have a significant effect on the
CNF problems, which is strongly expected since skolemization only needs to be applied
to FOF problems, because CNF problems feature no existential quantification. They
are still included in this analysis to check that no overall problems are introduced by
including the new skolemization into the codebase. It is further noteworthy that the
new skolemization method is faster for harder problems, which is indicated by the first
crossover point at roughly 0.3 seconds in the cactus plot 4.2 a). Up to this point, the old
skolemization method performs better for the employed benchmark set. Furthermore,
notice there is a cluster of points on the right side of the scatter plot which are solved
by the structural skolemization method and correspond to the problems CSR116+* in
TPTP, which can now be solved in the given timeout. This cluster contributes substan-
tially to the increased number of solved problems, for which the new method seems to
be exceptionally beneficial.

It can be concluded that the new skolemization method, which is simpler for proof
checking, does not significantly affect the performance of VAMPIRE and even improves
it slightly on the given benchmark.

4.2.3 Combined Methods

Since both methods are employed at the same time for proof checking, also the combined
effect of both methods needs to be evaluated since they may not interact trivially. It
can be seen in Figure 4.3 that the combined effect of both options is very similar to the
combined effect of both options separately, however losing some of the improvements in
the FOF fragment.

In general, the combined effect of both options is a slight performance increase for the
tested settings. In conclusion, this means that the modifications of inference for proof
checking do not have a significant negative effect on the performance of VAMPIRE and
even improve it slightly for “hard” problems.

4.2.4 Proof Replay and Output Generation

Replaying inferences to reconstruct the unifier as well as recording some additional in-
formation during proof search is expected to add some overhead to LEAN proof output
generation. To evaluate the overhead of proof replay, the time from the combined
method is compared to the time that is required to generate the LEAN proof output
(using structural skolemization and pure predicate removal off).2 The results are shown
in Figure 4.4. For many problems, the time for proof replay and proof printing does
not add a significant overhead. However, some problems show a time overhead up to a
factor of approximately 6. The only problem with a higher time overhead is problem
PLAO44+1 with a 21.5-fold time increase. Such outliers have also been observed in pre-
vious work [KRS25], which even reported a time increase of 65 times for one problem.

Zused options: --skolemization syntactic —--proof_extra lean —--proof leancheck
-om lean -sa discount -ppr off -i 100000
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(a) (b)

= Baseline (FOF)
Combined (FOF)
= = Baseline (CNF)
= = Combined (CNF)

-
=
L

101 4

CPU time [s]
g
Combined (CPU time [s])
g

H
<

e CNF

’ —_——— oy =
’ y=X

0 1000 2000 3000 4000 10! 10° 10!
Solved problems Baseline (CPU time [s])

Fragment Baseline New Skolemization A

CNF 4681 4678 -3
FOF 4668 4704 36
Total 9349 9382 33

Figure 4.3: Cactus plot (a) and scatter plot (b) comparing the runtimes of re-
futed and satisfiable problems between baseline VAMPIRE and with the options
—-skolemization syntactic -ppr off as explained previously. Points where
only one of the two versions solved the problem within the timeout are included, but
points where neither version solved the problem are not included. The table shows the
total number of solved problems for each fragment and the total.

This method performed all necessary reconstruction within VAMPIRE (including applica-
tions of associative and commutative properties), which is not the case for the method in
this thesis, which is a likely explanation for the lower overall time increase experienced
for LEAN proof replay and output generation. Four further problems are lost due to a
timeout of 60 seconds. For these problems, the generated proof has been investigated
with a longer timeout, and it was found that the generated LEAN files are typically large
(up to 650 MB, with over 100000 inference steps). Clearly, replaying such a high number
of inference steps is expected to take a long time, as well as constructing and writing
the proof to disk.

To determine the average time increase in proof output generation, a linear regression was
performed on the runtimes. It was found that the proof generation only adds 1.0%=+0.3%
overhead on average.

In conclusion, the modifications to VAMPIRE for proof checking do not add a significant
overhead to proof search, and the proof replay method for reconstructing the unifier
of inference steps adds only a small overhead to proof output generation on average,
although some outliers with a much higher time increase exist. Overall, more proofs are
found including generation of the proof output, compared to baseline within the given
instruction and time limits due to the new skolemization method.
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Figure 4.4: Scatter plot comparing the time required for proof search with the combined
method to the time required for generating the LEAN proof output.

4.3 Evaluation of LEAN Proof Checking

It has been shown that generating suitable proof output for LEAN does typically not
incur significant overhead, however, the generated proof output still needs to be checked
in LEAN, which is evaluated in this section. For this evaluation, the resulting LEAN
files from Section 4.2.4 are used. In total, these are 8334 problems, 4118 in CNF and
4216 problems in FOF. These numbers are smaller than previously reported “solved”
problems, because only refuted problems produce LEAN proof output, excluding satis-
fiable problems from the evaluation. A timeout of 1000s is used for this step as well
as a memory limit of 64 GB. Furthermore, LEAN is run with the option -s 65536 to
increase the maximum stack size, which is required for large proofs.

4.3.1 Comparisons with DUPER

To be able to compare the results with other (related) approaches, two versions using
the ATP DUPER were implemented and evaluated as well. These two methods are briefly
described next:

DUPER on Inferences This method uses the proof skeleton generated by VAMPIRE,
but instead of providing the unifier for each inference step, DUPER is called on each
inference step to reprove the inference without any additional information. This method
is closer to the Ground Truth approach [Raw+25], but rather than using an SMT solver,
a proof-producing ATP is used. Some translations, such as skolemization and predicate
removal are kept the same as in the LEAN method described in this thesis, to avoid extra
complications for DUPER. The preamble also stays the same, which is required to be
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4.3. Evaluation of LEAN Proof Checking

—-— step 53 resolution
theorem inf_ s53 : (Vv vO : 1, 7 (lives v0) v B =v0 v C = v0 v A = v0) -
(lives sKO0O) -

(B = skKO v C = skKO v A= skO) := by
duper [*]

theorem inf_ s95 : (sAl v sA2 v sA3) - 7sA2 » 7sA3 - 7sAl - False := by
duper [*]

theorem fullProof : ... := by

apply Classical.byContradiction; intro stepl5

—-— step28 skolemisation
exists_prenex at stepl?2

let (sK1,step28') := stepl?
have step28 : (V v0O : 1, —(hates v0O (sK1 v0))) := by symm_match using
— step28'
have step29 : killed sKO A := by
duper [*]
have step44 := inf_s44 step35 step29
let sA3 := B = sKO

exact step95
end vamproof

Listing 4.1: Simplified and shortened LEAN file for the DUPER on Inferences method
corresponding to the running example. The general proof structure of VAMPIRE is kept,
and the individual inference steps are re-proven using DUPER.

able to use the same symbols and definitions. An example of the generated LEAN file
for this method is shown in Listing 4.1 which is the translated running example.

DUPER on Minified Problem A second method to use DUPER is inspired by the use
of METIS in SLEDGEHAMMER [BN10]. The proof that VAMPIRE generates is completely
discarded, except that only the axioms that are directly used in the proof by VAMPIRE
are given to DUPER. This means that only relevant assumptions are included for DUPER,
which can greatly reduce the search space, and thus speed up proof search. This approach
is not necessarily useful to check whether the found VAMPIRE proof is sound, since it does
not check the VAMPIRE proof itself but only checks if the conclusion can be derived from
the used axioms. Nevertheless, it is an interesting comparison between the translation
and “native” proof search. Especially when aiming to build a hammer, this comparison
is of relevance since approaches like SLEDGEHAMMER employ a similar method.
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variable {1 : Type u}

variable [inst : Inhabited ]

variable {sK1 : T > 1}
{skKO A B C : 1}
{killed hates richer : 1 - 1 - Prop}
{lives : 1 - Prop}

variable {sAl sA2 sA3 : Prop}

theorem fullProof :
(3 vO : v, lives v0O A killed v0O A) -

(v vO : v, 94 vl : 1, “hates v0O vl1l) - 7 (A = B) -
killed A A := by
duper [*]

Listing 4.2: Minimized problem passed to DUPER. In the case of the running example,
no unnecessary axioms were included, so no minimization occurred.

4.3.2 Results

In Table 4.1, a summary of the results of successfully checked proofs in LEAN is shown.
Within the given time and memory limits, 8237 of 8334 proofs found by VAMPIRE using
the modified inference rules (skolemization, primitive predicate removal) were success-
fully checked in LEAN from assumption to conclusion. Hence, 98.8% of all found proofs
within the CNF and FOF fragments were checked with this approach, largely increasing
the confidence in the soundness of these VAMPIRE proofs. The remaining 1.2% of proofs
were not checked successfully, which is due to timeouts, memory limits or stack over-
flows. These failures are the results of the large size of the generated LEAN files taxing
the LEAN parser, evaluator and kernel.

LEAN
TPTP  VAMPIRE Success Timeout (1000s) OOM (64GB) Stack overflow
CNF 4118 4062 31 24 1
FOF 4216 4175 35 3 3

Table 4.1: Number of refutation proofs found by VAMPIRE with new skolemization and
pure predicate removal off (column 2) vs LEAN proof reconstructions (columns 3-6),
sorted by success/failure reasons. Success means that LEAN fully validates the VAMPIRE
proof. Notice that only refutation proofs are included in this table, compared to previous
analyses which also included saturated problems.

Figure 4.5 shows a cactus plot comparing the runtimes of checking generated LEAN proofs
to the two methods using DUPER. Many problems are checked by LEAN within seconds.
It has to be noted that the minimum time that has been observed for checking a proof
in LEAN is approximately 1.8 s as rather large dependencies of Mathlib and DUPER are
loaded for each run.
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Figure 4.5: Cactus plot comparing the runtimes of checking generated LEAN proofs to
the two methods using DUPER as described previously. “Duper” corresponds to the
method invoking DUPER on inferences, while “Duper Mini” corresponds to the method
invoking DUPER on the minified problem.

Successfully checked proofs

Method CNF FOF Total
New Method 4062 4175 8237
DUPER on inferences 3795 2926 6721
DUPER on minified problem 3175 3252 6427

Table 4.2: Total amount of successfully checked proofs for the method developed in this
thesis vs. the two methods using DUPER.

Comparison with DUPER methods The method from this thesis solves more prob-
lems than both methods using DUPER as expected. Details are shown in Table 4.2.
Moreover, it is interesting to see that the method using DUPER to reconstruct individual
inferences performs worse for the FOF fragment than running DUPER on the minified
problem. For the CNF fragment, the method of invoking DUPER on the minified problem
is faster for “simple” problems, but for harder problems, reconstructing inferences with
DUPER is faster. This may be explained by the fact that for harder problems, the search
space of the minified problem is too large, while reconstructing individual inferences
with DUPER can be more efficient since it only needs to find a proof for a single inference
step. Furthermore, the difference between CNF and FOF shows, that reconstructing the

transformations performed by VAMPIRE from FOF to CNF is rather time consuming.

This suggests that the method of reconstructing these inferences may not be optimal.
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In Figure 4.6, scatter plots comparing the runtimes between the methods are shown. For
the CNF fragment, there are almost no cases for which the methods using DUPER are
faster than checking the full generated LEAN proof. This is not the case for the FOF
fragment, which is faster for some problems using DUPER (in both ways). This is a
further confirmation that the translation of the preprocessing steps could be improved,
since multiple minified problems are checked faster than the full generated LEAN proof.
This could be due to the fact that DUPER performs less transformation steps or that
these steps are easier to check than the steps generated by VAMPIRE. However, on
average the custom method is faster than both methods using DUPER. An exponential
regression ({pyper = C - tgus_) between the runtimes of methods on successfully checked
proofs (not including timeouts) gave an exponent of E = 1.3 for DUPER on minified
problems and £ = 1.8 for DUPER on inferences.
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Figure 4.6: Scatter plots comparing the two methods invoking DUPER to the full method.
A line y = z is included to indicate the point where two methods have the same runtime.

Analysis of Runtime vs. Problem size The dependence on the amount of theo-
rems and size of the generated LEAN file vs. the required checking time is investigated
in Figure 4.7. The increasing time of checking proofs with the number of theorems
is expected. However, the superlinear increase of checking time with the number of
theorems indicates performance issues with the checking of large proofs. The reason
for this increase can be due to many reasons, such as the tendency of problems with
larger formulas to have more theorems, or implementation details in LEAN which cause
an increase of checking time with the number of theorems, due to e.g. larger contexts.
Plot (b) in Figure 4.7 shows the checking time vs. file size, which shows slightly better
asymptotic behaviour, indicating an approximately linear increase in logarithmic scale,
which indicates an exponential with an exponent of roughly 1.5 — 2.5 depending on the
branch. The red branch with the steepest slope, visible in both scatter plots, belongs to
problems CSR113+* - CSR116+* in TPTP. These seem to suffer from particularly large
CNF transformations due to a large input formula and potential performance problems
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Figure 4.7: Scatter plot comparing the number of theorems as well as the size of the
LEAN input file to the time required for checking the proof.

in the applied LEAN tactic for checking the generated proof. Replacing this with a more
efficient implementation may reduce the checking time for these problems.
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CHAPTER

Conclusion and Future Work

This thesis presented a novel method for checking the soundness of VAMPIRE proofs in
LEAN completely from assumptions to conclusion, which has not been achieved with any
previous method. This required modifications to the inference rules of VAMPIRE, which
were evaluated to not have a significant negative effect on the performance of VAMPIRE
and even improve it slightly for some problems. A translation to LEAN was introduced,
which is flexible to be adapted to further inference steps and provides a middle ground
between full reconstruction in VAMPIRE and full proof search in LEAN. The method was
evaluated on a large benchmark set, showing that 99% of all found proofs within the
CNF and FOF fragments were checked successfully in LEAN, increasing the confidence
in the soundness of these VAMPIRE proofs.

There are many possibilities for future work, such as adding support for more logic
fragments, like typed first order logic, or higher-order logic (currently only supported
by a specific branch of VAMPIRE). Furthermore, support for reasoning about theories
such as arithmetic operations in different domains or the theory of arrays could be added.
Additionally, advanced reasoning rules employed by VAMPIRE such as induction could be
supported. Using a suitable translation layer from LEAN to VAMPIRE like 1ean—auto
[Qia+25], a hammer for LEAN using VAMPIRE as a backend could be built, employing
the translation presented in this thesis. To increase the performance of proof checking, a
more suitable, intermediate language could be developed for outputting the proof from
VAMPIRE, which is easier to check than the generated LEAN files.

Options for future development are numerous, and the method developed in this thesis
provides a starting point for further research in this direction, leading to a significant
increase of trust in the results of VAMPIRE. With the current advances of large language
models in the field of autoformalization and theorem proving, the developed method
may also find application by combining large language models with VAMPIRE providing
verifiable proofs for sub-problems suggested by the language model.
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Overview of Generative AI Tools
Used

All ideas and methods described in this thesis were developed by the author.

e GitHub Copilot was used for suggestions while editing VAMPIRE and LEAN code
as well as for writing the thesis.

o For writing this thesis, GitHub Copilot was used to improve writing style, correct
for grammar and spelling mistakes.
For the latter task, a prompt like the following was used:

“Improve the writing of the Background chapter. Focus on fixzing spelling mistakes and
improve the flow. Do not change the meaning and do not add new information.”

GitHub Copilot may use several language models such as GPT-40, GPT-5 mini, GPT-
5.3-Codex or Claude Haiku.
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